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INTRODUCTION

Environmental and/or geographical variat ion in selection

patterns and i ts coupling with gene f low are considered vital

i-ngredi-ents in speciat ion and dif ferentiat ion. Recent l i ter-

ature has wj-tnessed increasing enphasis on the formulation and

analysis of a hierarchy of models with aim to understand in

more precise terms the interaction between spatial and temporal

selection variat ion and populat ion structure.

In the case of f ini te populat ions, numerous authors inves-

t igated the effects of some forms of populat ion subdivision

and migration patterns without select ion, with respect to rates

of al lel ic substi tut ion, rates of approach to homozygosity and

correlat ions j-n gene frequency maintained by l inear external

pressures. Notable contr i-butors in this vein include Wright

(1943);  Mal6cot (1948),  (1951),  (1959),  (1967);  Moran (1962),

Kimura and Weiss (1964);  Kar l in (1968, chap.2);  Bodmer and

Caval l i -Sforza (1968);  Maruyama (1970) ,  (1972);  and others.  A

number of specj-al determinist ic migration models coupled with

local dif ferential viabi l i ty forces were set forth by Levene

(I953),  Prout (1968),  J.  Maynard Smith (1970),  Strobeck (L974\,

Chr j -st iansen (1974),  Deakin ( f966),  (1968) among others.  we

have cited theoretical analysis, but needless to say, there is
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voluminous descript ive and taxonometric studies relevant to

the above theme.

Several concepts and measures concerning environmental

heterogeneity and the degree of migration mixing in relat ion

to the existence of "protected polymorphisms" wil l  be examined

in this work. We wil l  report a number of general f indings

pertaining to a geographi_cal populat ion genetics structure in-

volving almost no restr ict ions on the pararneters of the mode1.

I .  A MULTT DEI'IE POPULATION MODEL SUBJECT To
MIGRATION AND SELECTION FORCES

A populat ion is distr ibuted over a f ini te region general ly

composed of separate breeding demes (..g.,  geographical or eco-

logical  habi tats or niches) f , r ,  f ,  , . . . ,  9n .  successive gene-

rat ions in the populat ion are discrete and non-overlapping. I t

is assumed throughout this work that each subpopulation p 
i

is of large size so that the effects of geneti_c dri f t  are in-

consequential.  We focus principal ly on a trait  with two

possible al leres labe]led A and a . The action of select ion,

migration and mating can be coupled in a variety of forms. A

number of the concepts and structures pertinent here are now

highl ighted and ref ined.

( i)  Spatial select ion gradients

We assume that viabi l i ty select j_on operates independently

in each deme. The transformation of gene frequency under locar

selection in deme P i  
is determined by the relat ion

such that i f  E

E = f-  (g)
t_

is  the A-frequency in

*
(1.1)

then af ter  thef , i

For a mult i  a l - le le
cr ibed by a vector

al l -e l ic  f requency

system the transformation would be
function Ei (g_l where g_ is rhe

state in locat i ty p 
i  .

de s-
vector
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actj-on of natural select ion, the result ing A-frequency is ;  .

General ly,  f .  (6)  is  cont inuous and monotone increasing.
-a

Also, we st ipulate throughout this work that f .  (0) = O and

f. (1) = 1 signifying that select i-on forces maintain a pure

populat ion composit ion. fhus, in this formulation mutation

events are ignored, i .e. ,  new mutant forms ar is ing in the t ime

frame under consideration cannot be establ ished.

An important choice for f .  (x) arising from the cl-assical

diploid one-locus two-al lele viabi l i ty model has the form

(l+o.)x '+ x( l -x)
f  . (x)  = 

l - ( r  .21
i  " -  

L+o .  x2+s .  ( r -x)  2
l_t

where the viabi l i ty parameters of the genotypes are as l isted

AA Aa AA

1+o. t  1*s.  .

In the corresponding haploid situation' we would take f.  (x) =

o.X

o.x+s. (1-x)
.1 a

cit ly the mating system operating in each deme (local i ty) as

the consequences of mating and selection are implici t ly cou-

pled and summarized by the 1ocal select ion functions f.  (x)

The choice (1.2) for  f .  (x)  would,  of  course, come about f rom

local random mating with standard viabi l i ty select ion in a

diploj-d sett ing. other determinations for f .  (x) can be qe-

nerated by superj-mposing forms of frequency dependent selec-

t ion, or select ion induced on a single locus when part of a

1 mult i  locus system or other combined mating and selecti-on

forms.

The environmental or geographical select ion gradient & i t

.ng." t . . i t .a_Uv t t t .  
" t  €= {  f r (x)  , . . . , f r . , (x)}

The extent of environmental heterogeneity is ref lected by
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the di f ferences exist ing among the components of  €, Where

aII f .  (x) are identical then unambiguously we speak of a

homogeneous environmental sel-ect ion background. I t  is st i11

largely unknown how to relate spatial and temporal ecological

parameters and selection gradients. Our investigation is

mainly in terms of f i tness values and we concentrate on achie-

ving quali tat ive conclusions for dif ferent forms of f j_tness

arrays.  Speci f ical ly,  our discussion focuses on concepts in-

volvj-ng comparisons of degrees and quali ty of environmental

f i tness heterogeneity interrelated with the migration struc-

rure.

A general tenet commonly stated is that envj_ronmental va-

r iabi l i ty or heterogeneity in the selection gradient is sub-

stantial ly correlated with the prol i ferat ion of polymorphism

and this is claimed to be the case largely independent of the

rate of nigrat ion. There are some who contest this as a uni-

versal dictum. The above theme is too general and several

terms need clari f icat ion. By what cri ter ia is a prescribed

environmental select ion gradient considered more "hetero-

geneous" or "variable" than another environrnental select ion

form? What are meaningful means for measuring degrees of va-

r iabi l i ty in both ecological and genetic (f i tness) terms? The

appropriate concepts must take proper account of the migration

structure coupled to the spatial select ion gradient. We add-

ress these quest ions in Sect ion 2.

( i i )  Local  re lat ive populat ion s izes

We assume that the individual demes have a characteri_st ic

populat ion size at an appropriate stage. Various possibi l i -

t ies have been proposed of whi-ch we indicate two :

(a) The relat ive numbers of offspring contr ibuted from deme
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n

i to the total  poputat ion is c i  ,  (c.  > O ,  . [_ 
c.  = 1)

i=1

constant over successive generations.

(b) The relat ive size 
" i  

ref lects the proport ion among the

whole adult populat ion located in deme P- after

migrat ion.

The c, can be construed as a constant expression of
I

" interdeme selection" not altered by the specif ic Atenetic com-

posi t ion or local  select ion forces.

( i i i )  Hard and soft select ion

In a rnult i  deme popul-at ion there are two principal opposite

models relat ing the interaction between selectj-on and local

populat ion size, those of hard and soft select ion; this dis-

t inct ion was introduced by Wal lace (1968).  See also Dempster

( ress) .
Soft select ion st ipulates that 1oca1 viabi l i ty select ion

does not change the relat ive proport ions of the deme popula-

t ions j-n passing from the offspring to the adult stage. This

is the most conunonly applied model where each subpopulation

carries a constant characterist ic fract ion of adult indivi-

duals in every generation. On the other extreme, hard selec-

t ion st ipulates that each local populat ion after mating in-

cludes a characterist ic fract ion, independent of the generation

tirne, of the total populat ion. with the operation of selec-
.fr

t ion at  dene p.  we postulate the existence of  w. (x.) ,  a
- r  ^  l_ l_

function of the A-gene frequency, x. ,  such that 
" i t i (* i)

measures the relat ive populat ion size result ing from the eff-

ects of loca1 dif ferential select ion. This conversion can be

viewed as a local density regulat i-ng factor in the process.

For the choice of (1.2) a common determination has W, (x) =

621



the mean f i tness funct ion in P, ,  v iz. ,  w. (x)=l+orx2+si(1-x)2

where x is the A-gene frequency.

S. KARLIN

( iv) Migration structure

A basic ingredient in the migration pattern is the pres-

crlpt ion of the forward migration matrix

-  r r  r r f lt  = l lu; ; l l  (1.3)
i ,  j= l

where 1l. :  is the a-priori  probabil i ty per generation that ana"l

individual of deme i wi l l  migrate to deme j Of course

n
I. .  )  O and I  u. .  = 1 i  = I ,2, . . . ,n' i3 " i i

l=r

ft is worthwhile to hiqhlight a number of old and new exam-

ples of reLevant rnigrat ion patterns.

(a) Levene Populat ion Sub-Division Mode1. In the early

l i terature, two main dispersal and migration patterns were

consi-dered. The rsrand Model i-ntroduced by s. wright divides

the populat ion into panmict ic units each receiving an equal

proport ion of the total populat ion. The Levene populat ion

subdivision model (1953) sl ightly general izes the Wright model:

a populat ion after mating at random distr ibutes i tself  into n

separate patches, a fract ion 
" i  

going into the i- th patch.

Then selection occurs according to the state of the environ-

ment in each patch. Notice after migration the subpopulat ions

involve the same mixture of the whole populat ion for each ge-

neration. (rt  has been suggested that this formuration may be

appropriate for a species whose nurnbers are regulated within

each of the separate patches but not on the whole populat ion.)

For th is case

Ui j  = . j  independent of  i  ( I .4)
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(b) Stepping Stone Mode. A second class of classi-cal

migration patterns are based on the principle of isolat ion by

distance where the degree of  migrat ion diminishes with the

"distance" frorn a given deme. An extreme, widely appl ied case

is the stepping stone mode. Here the demes occur in an or-

dered ( l inear)  ser ies.  In each generat ion,  a f ract ion m

(m S !) of each deme is exchanged with each contiguous deme

as depicted.

f ,  f" tr ' i . ,  loi fn (r.5)
cf E.. .El  E. . .  t r lm h_ __O_

-m- -m -m

The stepping stone mode of migration including two and higher

dimensional versions has been widely used in the study of

geographical genetic models without select ion by Mal6cot

[rgae],  l rssrJ,  [ rgsg];  Kimura and weiss lwaal ;  Fleming and

su [rgza]r  Maruyama l tgtz l ,  and others.

(c) Non-homogeneous Stepping Stone Mode. Implici t  in

the stepping stone mode of migration with a constant rate m

is the assumption that the demes have essential ly equal sizes.

Where the relat ive sizes of the demes dif fer then the rates

of gene f low between nei-ghboring demes are seneral ly not equal

or they rnay have intr insic unequal rates of migration in recj--

procal direct ions. In this sett ing the appropriate analog of

(1.5) involves general  non-constant local  migrat ion parameters

u. ul  such that' l -  r

l1- l

U. .  = U. r  U. . . ,  = u,  and f-u.-u,  ,l - ,1-- l -  r -  ]_,1-+l-  r  ar-  a t  ( I .O)

i=2,3, . . . ,D-1

t - l

! I ,1 =1- l r1 , l :_,2= uI  r  urr , r r_ l  =un, i l r r r . ,=1-u
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We wil l  refer to the migration pattern (1.6) as a "Non-

homogeneous stepping stone migration mode".

Other specif icat ions of migration rates depending on dis-

tance were considered by Mal6cot [ fgSg], for models with no

differential select ion and in practical contexts by Jain and

Bradshaw I fsaO].

As noted by wright himself [ fga:],  the island model is

rather unl ikely to be real ized in nature whereas the isolat ion

by distance model is more real ist ic and 1ike1v to be inceres-

t ing.

(d) Circulant Model. I f  the demes occur in a circular

pattern rather than l inear ( l ike around the base of a central

mountain or along the shores of a lake), then the homoqeneous

stepping stone migration mode has the pictorial form

A general circulant isolat ion by cl istance migration matrix

has the form ui j  t r  
i - i  I

(e) A Homogeneous Homing Mode1. An appealing extension

of the is land model was put for th by Deakin [ fgeO],  [1S681,

It l lz l  and studied further by Christ iansen lrclAl.  The

migration matrix is

n

I

nl
N

!
^// 

^

nI

624
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i / j

i ' j  = L,

u. .  = cx,c.
r- l  l

u- . .  = l -a+ac.'  1l- r-

u..  = cL.c.
r-l l- l

u. .  = 1-4.*o.c.' l - r  t -  l -  I

,n

( r .7)

(1.9)

The components in (" I , "2, . . . ,cn) const i tute the usual  re la-

t ive deme sizes while the parameter o can be regarded as

a measure of the dispersal rate of organisms in a local deme;

I, taynard Smith IfgZO]. Other meaningful interpretat ions of o

are possible.

(  f )  Non-homogeneous Homing Model.  We wi l l  develop in

Kar l in [ fg]6) a number of  resul ts for  a migrat ion pattern

general iz ing (  I  .  7)  to the form

; i / j
(1.8)

where the rate of homing dif fers over the respective demes.

Already certain results inferred by Christ iansen [fSZa] on

the basis of  the model (1.7) do not apply for  (1.8) indicat i rq

that the interactions of migration and selection are more re-

condite in the presence of a non-uniform homing rate.

(S) A Hybrid Island and Isolat ion by Distance Mode1.

Another migration pattern in the spir i t  of (1.8) amenable to

analvsis has the form

u..  -  1-o.  ,
I ] -  I

i  = Lr21.. .111

c.=1
)

d.=l
l

t  cx ' .c.
I  r l

ui j :1
I
L otuj

u..  E 0
r_l

Thus, the
n

and 
3Z 

=

,  1( i (K ,  K*1.  j  ( r t

,  K*I(  i<n ,  1Sj  (K

i
j :K+1

K

I
j=1

I  c.>0
l

,  d.>0
l

otherwise.

demes div ide into two groupings, 3r={pt ,Pzr. . . ,P" i

{ fr+' ,  .  .  .  ,P, ' }  such that an organism either does
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not move or \^/hen migrating it passes from its group to the

other group with a f ixed probabil i ty of relocation in a speci-

f i-ed deme independent of i ts birthplace. This model and i ts

extensions to r groupings is developed in Karl in [ fgZA].

These can be regarded as hybrid patterns of island and iso-

lat ion by distance models.

(h) Atol l  Migrat ion pattern. Another migrat ion scheme of

some interest has the form

l-Pr 
'  pr

l  - . .12 ,  o

l - l tn- , ,  o

l ro

: , '  
\

: 
*r^" 

)

(1.10)

The motivation conforms to the picture of a sequence of

islands resembling an atol l .  There j_s a main central deme
Jr
Y, and subsequently smal1er demes such that either irnmi-

gt.aion from a specified deme occurs to the next deme on the

right or in the other direct ion immigration entai ls return

to the central deme. Other interpretat ions are also possible.

The analyses of this migration pattern is quite tractable even

allowing variable loca1 homing rates.

(v) Backward Migration Matrices. In order to write the

appropriate transformation relatj_ons connecting gene fre-

quencies in successive generations and to take proper account

of a conglomeration of factors including variable deme sizes,

the effect of dif ferential viabi l i ty select ion on deme size

and gene flow, the concept of the backward migration matrix

is indispensable. The elements of the backward migration

626



POPULATION GENETICS AND ECOLOGY

matr ix M = l l * . ,* l l  af ter  select ion and migrat ion speci fy
r_l '

m. .  = the f ract ion in the i - th deme or ig inat ing
r_l

from the j  - th deme in a given greneration.

We indicate the calculat ion of (I .11) for the model where

selection precedes migration and fol lowing Christ iansen

ItglS), we do this separately in the circumstances of soft

and hard selection. As pointed out in paragraph ( i i i )  selec-

t ion converts the relat ive populat ion sizes into

( I  .  l t )

( l . lz)

(1.13)

*
c'  + '  c '  :  c '

l- l_ l-
(sof t  select ion)

(hard select ion)

c.w. (x.)
r l - l -*

C. -+ C.:
l_ l_

i "r.wu 
( xu)

r l r  
KK

i  = I12r. . . rn ,

where {w. (x) } usual ly stand for the locaI f i tness functions.
l_

An elementary calculat ion involving condit ional probabil i t ies

qives

clu. .
m. .  :  I  l l -

l - l  n-J 
r  *

L "kut ik=l

It is important to emphasize that with hard selection the

backward migration matrix depends on the specific genic popu-

lat ion composit ion at hand while in the situation of soft

select ion i{  = I  l*.- l  I  is independent of the gene frequency
r- l '  '

configuration. Equivalently, in hard selection dif ferential

viabi l i ty direct ly inf luences the migration structure but not

with sof t  select ion.

where al l  demes are of equal size and t = |  |  ut i  |  |  is

symmetric (as in the homogeneous stepping stone molel) then

for soft select ion M = f showing in this case that the

backward and forward matrices coincide. In this case ui- i

627



S. KARLIN

re f  lects the proport ion of  populat i -on exchange between demes

iandj

(v i  )  fhe :nf  luence of  the Tim. ing of  l t l igrat io l  and Selec-

t ion Forces. The discussion of  paragraph (v)  was predicated

on the operat ional  order of  the genet ic forces in each gene-

rat ion beinq

( fo l lowed by)

mat ing and select ion 
-  

migrat ion. (1.14)

Effect ively, migration occurs at the adult stage but prior to

mating in the next generation.

Another formulation also relevant in the workings of cer-

tain natural populat ions would have the order of appl icat ion

of select ion and migration reversed; viz.,

(1.15)migration ---+- select ion and mat ing.

For the model of (1.15) the offspring ( infant) rather than the

the adult populat ion migrates (. .9.,  as in seed and polIen

di-spersal) and subsequently dif ferential viabi l i ty is in

force.

Selection general ly has two major components ref lect ing

fert i l i ty and viabi l i ty effects so that for some natural

populat ions,  e i ther model (1.14) or (1.15),  or  a mixed model

involving possibly two stages of migration, may be appro-

pr iate.

The inherent dif ferences to the t ining of rnigrat ion and

selection effects are well  contrasted by writ ing out the

transformation equations relat ing gene frequencies in two

successive generations.

(vi i)  Transformation Equations of the Frequency States.

Let *i denote the frequency of type A in deme pi at the

start of a generation and 
"j 

the frequency for the next

generat ion.  Consider f i rst  the model of  (1.14).  The stan-
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dard global transformation equations connecting

(xr,  .  . .  ,xrr)  to * '  = (* i , .  .  . ,* r l )  over two successive

generations is given bY

n
*l  = I  * . . f . (x.)  ,  i=I ,2, . . . ,n (1.16)

r  
i l r  

a l l  l

where f i . .  ,  f  I  is tne backward migration matrix computed as
t-'l ' '

in (1.13).  Recal l  that  in the hard select ion model * i i

also depends on the frequency state x .

Where the t iming of migration and selection operate in

reverse order as in (1.15) ,  the transformation equations read

n
xl  =f .  (  I  m..x.)  ,  i=L,2, . . . ,n.  ( I .17)

r- r- 
-1., 

rl l

For the problem concerning the existence of a protected poly-

morphism the models (1.16) and ( t '17) are equivalent '  see

Bulmer l tg lZ).  Pertaining to the character izat ion of  the

actual establ ished equil ibr ia, the t iming has a signif icant

inf luence, e.gl . ,  see Kar l in and Richter-Dyn I fSZA].

2. OBJECTIVES, COMPARISONS AND SOME RESULTS

FOR SELECTION MIGRATION INTERACTIONS

In the previous section a number of the key concepts and

structures underlying a broad class of rnulti deme population

models of n demes subject to local select ion forces and

migration flow were delineated. The main factors are the

fol lowing:

(I) The environmental select ion gradient described by the

col lect ion of local select ion functions

{f .  (x)  , . . . , f  (x)  }  (2.1)
IN

obeying the condit ions of paragraph ( i)  
'  

Section I.
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(II) The migration pattern characterized by the paramete::s

of the forward and backward mj-gration matrices, respectively

r= l lu i j l l  ,  M= l l * r - : l l  tsee (1.3) and (1.r1)) (2 .2)

(I I I)  The relat ive deme sizes given by the vector

"  
= (cr ,c" , . . . r^ \  ^  \  n Xc. = 1 .  (2.31

l - '  2 '  'vn '  t  " i '  "  
'  L

In general terms, the desired objective is to evaluate

quali tat ively and quanti tat ively the inf luence of the factors

(I),  ( I I)  and (II I)  separately and in combination on the

evolutionary dynamics and equilibrium behavior of a multi

deme populat ion obeying the transformation 1aw (I.16). We

wil l  consider two categories of problems bearing on the exis-

tence of polymorphisms and variabi l i ty in populat ions:

(a) fn Section 3 quite precise condit ions in terms of the

parameters (2. I ) ,  (2.2) and (2.3) are set  for th guaran-

teeing the persistence of the al leles A and,/or a .  The

property of persistence of al lele A (not going ult imately

extinct) even when init ial ly rare is now conmonly cal led

protection of the A-al lele or A-protection. This is int i-

mately connected to the ascertainment of the ini-t ial  increase

of a new al lele. These approaches helping in the study of

certain populat ion genetics models is now quite classical and

widely used.

The maintenance of a protected polymorphism is more than

the existence of a "stable polymorphic equi l ibr ium,' since

fixation of any al lele is precluded as a real izable event

frcm any start ing frequency state, assumj_ng of course al l

types are init ial ly present ( i .e.,  protection holds under al l

ini t ial  condit ions). With a protected polymorphism there may

be several stable equi l ibr ia states (this is already the case

even for the Levene population subdivision model) or con-

ceivably oscillatory behavior between several polymorphic
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states is induced.

In order to make quantitative comparisons hre have inrro-

duced ( in Section 3) a number of measures of environmental

heterogeneity for relat ing alternative spatial select ion

gradients. We wil l  also propose two modes for classifying

intensity of migration mixing (and,/or degrees of relat ive

isolat ion) among the breeding units. The implications for

"A-protection" of the interactive effects between selection

and migration forces are discussed in a variety of contexts

throughout this paper.

(b) A more dif f icult  problem is the determination and

characterization of the possible stable polymorphic

states in the multi-deme framework. A description of the

qualitative dependence of a1t the stable equilibria on the

environmental components ernbodied in (2.1)-(2.3) would be of

relevance in the expl icat ion of variabi l i ty in natural popu-

lat i-ons.

We have achieved such characterization in a number of

cl ine models with the results reported in a series of papers

by Kar l in and Richter-Dyn l tg lOa,b,cJ.  Several  of  these

findings are discussed in the fol lowing paper (this volume).

We wi l l  a lso present in Kar1in I fSZA] var ious character izat ions

of the possible polymorphic states in the Levene subdivision

model and for some of i ts extensi-ons-

Condit lons for protected polymorphisms with general

envi ronmental parameters

Consider a mult i  deme populat ion system involving a general

migration structure, select ion gradient and distr ibution of

deme sizes as prescr ibed in (2. I )  -  (2 .3)  .  Ler u = |  l . r - ,  |  |

be the backward migration matrix constructed as in (1.13)

focusing on the soft select ion model (an analvsis of the hard

A.
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selection formutation is contained in Karl in [1976]). The

famil iar analyt ic cr i ter ion assuring protection of the A-

al le1e (e.g., see Bulmer l l972f) is the val idity of the in-

equali ty

the spectral  radius of  MD = p(MD) > 1 (2.4)

where D is a diagonal matrix involving the values d,=f: (O)

(d, ,d. , . . . ,d-)  such that,  d. ,  = i :  for  the exampleLzntf+si

(1.2).  Where p(I , tD) < 1 then 1 goes ext inct  when i ts

ini-t ial  frequency is small .  Therefore, apart from the non-

gener ic possibi l i ty  O(uo; = 1 ,  the condi t ion (2.4) is

necessary and suff icient for protection of the A-a1lele. The

inequali ty p (MD) > 1 assures protection of the A-al lele but

information concerning the nature of the ultimate equilibrium

state is undetermj-ned. However, i t  is suggestive that with

increasing p (MD) the more repel lent the state 9_ becomes,

concomitantly the established A-frequency is expected to be

more substantial in at least one deme.

We wil l  now highl ight two categories of suff icient condi-

t i-ons of wide scope bearing on the existence of a protected

polyrmorphism. Actual ly we present the results in terms of

protection of the A-al lele. An analogous condit ion pertains

to protection of al1e1e a and these together irnply the

existence of a protected polymorphism.

Let u '  = (Vr7V"1.. . rV_) be the u! fg@
LZ

corresponding to eigenvalue 1 for the backward migration

matrix M obeying the normalization

tk 
\ i  

,  i  = Lr2t . . . r r r (2.5)

The fol lowing resul t  appl ies to any migrat ion structure

and entai  I  s no l -  imi tat ions re lat ing to the v ic i  ss i tudes of

any special  examples.

i  t i=r  ,  v i= i
i= l  

4 
k=I
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A suff ic ient  condi t ion quaranteeing protect ion of  the A-

al le le is the v_al id i ty of  the inequal i ty

(2 .6)

ern and distr ibut ion

nts of  the lef t

I  and populat ion

s slnnmetric (as in

mode with equal deme

the condi t ion (2 .6)

n |  ,  \ ' i
TTI* l>1.

i=r \1* t,  I
Here, the inf luence of  the migrat ion patt

of  deme sizes is ref lected by the compone

eigenvector v = ( t t  ,y2t  .  .  . ,  Vn) of  M .

Where the relat ive deme sizes are equa

exchanges amongf demes are such that M i

the homogeneous stepping stone migrat ion

I
sLzes) then r i

reduces to

The condi t ion (2.6) appl ies

I t  is  a sharp inequal i ty s ince

permutation migration patterr l  r

equali ty

(2.7)

is non-posi t ive.

to any migrat ion structure.

for  the part icular c i rculant

example (d) of  Sect ion I ,  the

(,1,fr) 
L/n

which is alwavs sat isf ied i f  the aqqregate select ion coeff i -

c ient  of  the aa-genotype

n
s= I  =i

i=l-

p (Mn)

smal l  the inequal i ty (2.7 )  is  essent ia l ly

= (,!, tr)""
holds.  

n

For I  l " - l
i=I

equivalent to
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where
2]F

o:
n .  - .  l -

l_= I

)  >1

S

n

2
o
2+

2
o

or2

2
S

2

n

For I
i= l

select ion

(2.9) is

|  = .  I  
" r . r f  

f ic ient ly sma1l,  sucht  
. ] - '

ef fects is of  smal_l  magnitude,

essent ia l ly  equivalent to

2
b\

n
(  2 .  g)

(2.g)

that the cumulative

then the condit ion

.1 I( -+-
nz

n

when is  smal l - .

By restr ict ing sl ightly the class of rnigrat ion matrices,

we can achieve a substantial ref inement of the result of

(2.6).  More speci f i -ca11y, suppcise M is posi t ive def in i te

(such is the case for the homogeneous stepping stone migration

pattern with equal deme sizes, provided the migration rate

* < a) ,  then protection of the A-al lele is assured provided

1t
; i lr

I
t+=. 

>2 r
].

(2.10)

Thus a suf f ic ient  var iance of  the spat ia l  select ion coeff i -

cients can,gyerr-rd.e even a s l ight  cumula-t ive aa-select ion

advantage and prolect  the A-a] le le even when i t  is  in i t ia l l

rare .

Not ice that  (2.10) does not have the facto 
I, r  
,  

enter ing

into (2.  B) .

Suppose the backward migration matrix ivl  admits the

repre sentat ion

M = 
" t*Z

(2.11)

where El and E2 are posit ive diagonal matrices and K is

posi t ive def in i te,  then the analog of  (2.9) is as fo l lows:

2S
o>

n
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A suff ic ient  condi t ion for A-prote-ct i .on provided M

the form (2.1I)  is

has

(2 .  L2)

(2.13)

Examples where (2.11) holds include among others:

(a) Levene populat ion subdiv is ion model

I -*>,  I  ,  (v=(vr '
l -=I  l -

,vn) def ined in (2.5) )

I  e :  (1r1, . . . ,L)  | c = (ar-ro. . rarr)r r  t t I I
M= l le.c. l la ) ,  i r j= l

(b)  Most cases of  the non-homogeneous stepping stone model.

(c)  The non-homogeneous homing model of  (1.7) .

The circulant migrat ion pattern (example (d),  S€ct ion I )  ,

does not admit  the representat ion (  2 .11) .

Elaborat ions and proof s of  (2 .6)  and (2 .L2) are found in

Kar l in [ fg76] and Fr iedland and Kar] in I fg75].

We proceed to a concrete appl icat ion of  (2.L2) for  the

homogeneous stepping stone migrat ion mode (1.5) wi th deme

sizes descr ibed by the array c = (" t , . . .  rcn) .  The cal-

culat ion (1.  13) produces

( l -m)c;

T r l

mct

T2\
\ \

mca

T1

(l-2m)c2

-
/2 

-- .\ \- - -  hCn-Z \

Tn' l

0. .1

mct

T2 \ \ \
( l -2m) cn- i  -  - .--T-

tn- l

f l lCn_l

Tn

f f icn

T
(  l -  m )g^

T^
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with

Yi = * . i_ l  + ( f -2m)c.*mci+I  ,  i  = 2,

and

, o-1

A

in

Yl --  ( l -m)c,  + 
^"2 

,  yr ,  = * . ._ l  + ( l -m)cr.  .

standard determinat ion of  the l -ef t  e igenvector v for  Iv l

(2.13) leads to
c.y.

v.  =
r  n ,  i  = Lr21.. .2T1 .

)^v
/  vr  t i

KK
K=-L

Now for * * ;  
so that the rate of populat ion exchange

between neighboring demes does not exceed 5ou of their inhabi-

tants (a condit ion undoubtedly always satisf ied in practi-ce),

the matr ix M possesses the representat ion (2.11).  The cr i_

ter ion of  (2.12) then asserts protect ion of  the A-a11ele sub_
ject to the inequali ty

exampl-e al lowirg unequal  local

Kar l in and Richter-Dyn I fg75a_] .

B. A method of comparing environmental heterogeneity.for

c lasses cf  select ion gradients.

There is a tendency to measure diversity (or heterogeneity)

of an environment usually by a single index. Common choices

include the variance of select ion values (or of an associated

ecological parameter), cumulative deviat ions of select ion

values (absolute or relat ive),  the inter quart i le range of

selection values, information index (entropy) for a selection

gradient or other indices correlated with r:hose above. A

C.Y.
t '  l -

1+-
]-

n
T
L

i=1

last

nsul t

n
f
)  c.y,

.  - ,  r ' I
l_= l_

ns of  th is

e f low, co

For extensio

rates of  gen
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real valued i-ndex for measuring heterogeneity compels essen-

t iaI ly a single scal ing over al l  environments. Intr insical ly,

an environment is complex and should not and cannot be summa-

rized in a single vaLue. I t  should also be evident that not

al l  environments are comparable. We now propose two concepts

for ascertaining that an envi-ronment f ,  is regarded more

heterogeneous than a second environment € '  .

Consider an environmental  sel-ect ion regime t

ter ized by the local  select ion funct ions

cnarac-

{ f " (x)  , f^(x)r . . . , f - (x)}  and suppose, for  def in i teness
rzn

2
x+o. x

t_
f  .  (x)  =

l_

as soc iated with the v iabi l i ty parameters

aa

l+s.  ,  i  =
l-

is  determined

AA Aa

1+o 
L*2*=i  

(  1-x)

1+o. I
I

In th is model-  the environment

select ion coeff ic ients

s = {s.rs^; , . . . ;s }  and o
rzn

Lr21 .  - . ;D .

by the array of

= io,  ,o2r. . .  roa] (2 .  L4)

Defini t ion l .  We say that the select ion regime (sro) is

more heterogeneous than t lre gel.ect ion regime. induced by the

parameters

gt= (" t ,s)r . . . r=;)

i f  st  is  "an average"

and ot  = (otro)r . . . ro;) (2.15)

nF .(
\,, l- \-,, .

We make precise

vectors.  A matr ix

chast ic i f

of s and o t  is  a l ,so "an averagte"

now the not ion of  "  averagingr"  appl ied to

A = I  1".  .  I  l "  is  said to be doubly sto-
rJ I
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a..  :  I ,
r_l

sums are

i ,J=L,2,

r ) .

,n (2. l -6)

n

,  I  a. .  = I
j  l r  r- l  i l r

row and column

The col lect ion of  a l l  doubl stochast ic matr ices is denoted

bya.

Now we st ipulate

s'  is  an average of provided_ there exists

a matr ix A in A

De f in i t ion

s_+

such that

st
t

l- i
j=1

t i j= j  ,  i  = L12;. . . ; f l  -  (2.L7)

preserves the aggregate select ionThe averaging operat ion

effects,  v i  z.  ,

(2.18)

Moreover,  the relat ionship (2.L7) tends to reduce the var ia_

t ion of  the =i  values. rn part icul-  dt  ,  the var iance of  the

s'  vector is diminished:

More
0(q) ,  we have

(2 .  rg)

The relat ion

i  = l
i lr r- ilr r-

fy,

n

I
i= l

(z

general

i  r= j l2 s i  (=,)2
i= l  

r  
i l r  r - -

for  any convex funct ion,

0(sl t  s i  d(s.)  .r  i l r  i '

. I7)  a lso entai ls the ineq

tn \  
r /n 

ln
I n s_. 1 . I n s
\r- '  Y \ t= '
averaging matr ix having
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al l  i ,  j  converts s into the constant

(homogeneous) environmental  select ion pattern
rS

wrth S. = ,
l -n

i  = Lr2; . . . , i l  .

(2.2C)

of and

To rei terate,  we say, the enviro.nmental  select ion gradi_ent

(strot)  = t '  is  more homogeneous than the environmental

select ion gradient (s,o) = t  i f

s  '  is  an average of  s and o I  is  _an average

of o in the sense of  (2 .  L7)
(2 .2L)

Formal ly,  (2.2L) is equivalent to the existence

in & (not necessar i ly  the same) ,  such that

sr = Ag and ot  = Bo (2 .22)

We can introduce greater f lexibi l i ty  in the concept (2-2t . )

by al lowing the possibi l i ty that t  is more heterogeneous
, .

than e with respect to selection on the AA-genotype while

6' i= more heterogeneous than e with reference to selec-

t ion expressed at the aa-genotype. We wil t  not pursue these

ramif icat ions in this work.

With the speci f icat ion (2.20) we f ind that for  a prescr ibed

aggregate level of select ion coeff icients S and I for the

aa and AA-genotypes, respectively, then the constant selec-

t ion gradient characterized by the constant select ion coeff i-

c ients
J / .

s. =:  and O_ =: ,  i  = L,2, . - . ,nl -nan

is more homogeneous than any other environmental gradient with

a selection array having the same cumulative selection effects

SandI

The fol lowing question is natural.

How does increased heterogeneity of the environmental

selection gradient correlate with the real_ization of A and

a protection and the maintenance of polymorphism?
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Definit ion 1 provides a framework for deal ing with this

problem. The averaging concept is appealing but appears to

be unnatural.  I t  is not a correct fact that the existence of

a protected polymorphism is more 1ikeIy j-n a more hetero-

geneous environment (taken in the sense of Definit ion l) .  The

weakness is that Definit ion l-  refers only to selection gra-

dients and does not take account of the nature and inter-

action of select ion with gene f1ow.

We now extend the idea for comparing selection gradients

in a manner to mesh i t  better with the underlying migration

structure. Let M be a f ixed backward miqration matrix

having eigenvectors

v.M=v, It{g = e t  e = (1r1, ,1)  ,  v = ( t r - , . . . rvn) (2.23)

n
and v normalized to satisfy I  r . ,  = t

i=1

Let Q(v,e) consist  of  the col lect ion of  a l t  non-negat ive

matr ices A vr i th the propert ies (2.23).  C(v,e) @!"te=
a convex closed set of matr ices containing M and with each

A al l  i ts  powers.  The rank one matr ix J = l l . . " . l l:  "  rPi ' i t t  ,

(e.  = 1) is also a member o{ @(v,e) .  When v = € ,

pf . infy C(e,e) coincides with the col lect ion of  a l l  doubly

stochast ic matr ices.

Def in i t ion 2. Consider two arra s of  select ion coeff ic ients

s_ (s. . , r=2r. . . r=ar)  and sr = (=rr . . . rst)  re- f lect ing two
I

dif fgrent environmental  select ion gradients €.  and t '

s"  To ease the exposi t ion we have focused on comparing sets of
aa-qenotype select ion coeff ic ients.  The extension to selec-
t ion funct ions is obvious.

640



POPULATION GENETICS AND ECOLOGY

respect ively.  
-We .say that t t  is  less.  hetero.geneo.us than

F, wi th respect to the migrat ion structure I \4 i f  ther/

relat ion

holds for  some A € A (v,e)st = Ag

The least

impl ic i t  to

-  , -  -s = (s- ,  rs_. , r .
IZ

heterogeneous environment

the above def in i t ion is the

, ;  )  wi th s.
nt_

For s '  determined as in

f t  a lso

(2.24)

in the hierarchy

constant vector

-- S for al l  i
Y

analog of  (2.18) is

(2 .25)

n
r= i  s.v.

. - -  l -  l -
l-= I

(2 .24) the

n
r
/  S.V.

.  - -  r  l -
l_= I

n
r l
/  s.v.  =

i l r  r l

fo l lows that

n

I  v.  (s l -s
.  - r  I  I
l_= r

showing that the environmental select ion variance (weighting

subpopulat ion i  by the factor t i )  is smaller for environ-

ment t' than for envj-ronment I

The fol lowing general result holds in many circumstances:

Principle I .  Let M be a backward migration matrix of the

structure (2.1I) .  Let  € and f , '  be two environmental

selection gradients such that e'  is less heterogeneous than

6 wJ.th respect to the migration structure M in the sense

of Def in i t ion 2.  Slzmbol ical ly,  we wri te t '  < 6 .  Def ine

D' to be diagonal  select ion matr ix engendered by e '  i .e. ,

D'  = diag (= I  = ,  
1 

, ,
' l+sl  t  r+sj  ' " "  l -+st '

determined from the select ion coeff ic ients

analo-gously

(=r rs2r. . .  r=rr)

Then

p (un) >.  p (MD' )  . (2 .26)

Accordingly, protection of the A-al lele is more 1ikely in the

more heterogeneous environment € over that of t t
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For the extreme case s t  = ( t r r 'srr  
'  "  '  ' t r )

then t' <
vir t .ue of  the anatysis reading to (2.L2) o

n

,  s = I  s.v.
v .u_ l_ l -

I=I

(2 .26) hoJds by

comparison of the moders of hard and soft select ion with

reference to the existence of protected polymorphism reduces

to an important case of principle f .  I t  can be proved that

the environments of soft select ion 6 
ts) 

is more hetero------------.;-
qeneous than the environment of hard selection ( e. l  in the
guise of  Def in i t ion 2.

We would expect f rom Principle f  that  the phenomenon of  a

protected polymorphism is more fasci le wi th sof t  select ion

over that  of  hard select ion:  Where local  f i tnesses also

inf luence the migrat ion f low, the resul t i rg environmental

structure amalgamates to a more homogeneous populat ion beha-

vior entai l ing increased possibi l i t ies for  total-  f ixat ion.

The va-l-. idi t-y 
-of -Principle r is establ ished in a number of

"**pf." 
i . . l rdirg ah" 

"tuppirg "toru 
*igt. t ior p.ta.. .  fo. .

monotone cl ine mode1, see Kar1in and Richter_Dyn [1976a],  and

, see Karl ln

l rgze].  This fact  for  the Deakin case was discovered f i rst

by Chr ist iansen I fSZS1. pr inciple I  appears not to be

correct in complete general i ty without irnposing some res_

tr ict ions on the migrati-on structure.

(1 Protect ion for  d i f ferent degrees of isol-at ion and mixin

in migrat ion structures

When does one mi-grat ion pattern entai l -  more mixing than a

second migrat ion pattern? We wi l l  introduce two cr i ter ia to

deal-  wi th th is quest ion and discuss their  impl icat ions wi th

referer lce to the manifestat ion of  protected polymorphisms.
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( i  )  Two sta.ge versus one stage- migrat ion f  l -ow

We start  wi th the fo l lowing def in i t ion-

Defini t ion 3.  A backward migrat ion matr ix M, is
I

said to be

more_mixing -than 
the_ backward matrj-x *Z provided *t has

the form

*3 colnmut ing
(2.27)

*1 _ *3tZ with *Z and

( i .e. ,  *Zt :  :  M3M2)

the extreme r:.":rr, 
I \M = 

\ t  , )

and where M^ is also a migrat ion matr ix -
J

Thus the extent of migration involved in *1 is effec-

t ively the outcome of two stages of exchange (and,/or) immi-

gration with one stage corresponding to *2

It is general ly anticipated that two operations of gene

f low spread the ef fects of  the 1ocal  select ion forces engen-

i ler ing the workings of a more homogeneous populat ion' This

is not a val id general conclusion. Where 
^2 

and t3 entaif

excessive movement possibly cancel l ing each other then t l

can ref lect less movement than M2 or t3 separately'

Indeed, by Definit ion 3, M' is more mixing than M , but

( :  : )

shows that Mt may involve no exchange of population while

M entai ls a total exchange. Accordingly, there are essential

l i rnitat ions on the amount of mobil i ty ascribed to M2 and

M^ in order that M, ref lect genuinely more mixing than
3I

M. .  The exact requirements on *2 and t3 are embodied in
z

the condit ion (2.28) below which imposes a constraint on the

magnitude of movement and mixing satisf ied in many biologi-

cal ly reasonable contexts. These include cases of stepping

stone mi-grat ion,  the examples of  (1-B) and others.

We have establ ished a precise result enabling us to compare

and M2 =
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dif ferent levels of  mixing with respect to

protected polymorphisms and this is now

Further interpretat ions and impl icat ions

Sect ion 3.

Resul t  f  .  Suppo_se each

tat ion

(2 .27 )  admits the repre se-n-

,  i  = Lr2r3 (2 .28)

M. in
t

M. = F.P.G.
r_ l_r l -

where F. and G. are posi t ive def in i te diagonal  matr icesl_ t-
with P. a posi t j_ve semi def in i te matr ix (cf .  the discussiona

of (2.11)) .  
! f  MI is more mixing than *2 such that (2.28)

holds,  t len for  any select ion matr ix D we have

P(l" I tD) S p(M2D) (see (2.4)) (2 .29)

theThus, where the muft i  deme populat ion determined b

migr-a-t ion select ion parameter set  {M.,  ,  D} entai ls A-
I

protect io.n the.n wi th the.  m+g-rat ion pattern *Z (which is

less mixing than *r  in the .sense _of De,f in i t ion 3) and. the

sa]ne selecl io.n structure of  D r  protect ion of  the A-al1ele

is,  a for t ior i ,  assured.

In part icul  dY ,  i  f  M possesses the representat ion (2 .28)

then for each integer k r  w€ have

p(Mk+lo) {  p(ukn) .  (2.30)

I t  is  important to underscore the fact  that  the relat ion

(2-29) is not universal ly correct  wi th respect to any two

. In fact ,  consider a system

of 2-subpopulat ions having equal  deme sizes wi th homogeneous

migrat ion matr i_x

1-Y, Y

Y,1-Y

that is  more mixing than M
Y1 

J 
Y'J_ 
'2

M =(

\
check

)
I
MIt is elementary to
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in the sense of Definit ion 3 i f  and onlv i f  Y. > Y^ . How-
/  \  r  'z

/d '  o \
ever, for any D = 

t ^- I 
, p(l l"rD) decreases to a mini-

\0.  ur l
mum attained when V = ; and afterwards increases. of course,

' t '

M for y > + does not fulf i l l  the requirement ot (2 -28) .vz
The signif icance of these examples is tantamount to the pheno-

menon that where the miqration structure induces excessive

osci l latory mixing then the possibi l i t ies for a protected

poll.morphism are diminished.

The hypotheses underlying Result I  are satisf ied for the

homogeneous stepping stone forward migration matrix of any

number of demes provided nr < i 
allowing for a general

prescr ipt ion of  deme sizes.

( i i )  Rates of homing

The fol lowing cri terion for comparison of two migration

patterns seems natural.

Def in i t ion 4.  Let  M(1) 
-rrd 

M(2) be two (backward) mrgra-

(2.3r)

t ion matr ices.  I f  for  each i

(2) (  r )
m. >. m..  foral l  j  I  i

r - l  r l

th.en- jr} is sugqes.tiv,s !g say ,that M 
( 2 )

M(1)

The relat ion (2.31) tel ls us that after migration the num-

ber of inhabitants in local i ty f , i  or iginating from any

other local i ty other than P. is larger for the migration

mode rq(z) as against M(1) and this property hords for al l

i

A set  of  matr ices comparalr le in the sense of  (2.3I)  incor-

porates the one parameter family

t(c)  -  ( l -s)r  + oM (u is a f ixed stochast ic matr ix) .  (2.32)

The Deakin migration pattern (I .7) is a very special

is more mobile than
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exarnple of  (2.32) wi t f r  M = l l "_"_i l  ,  (e.  = f )  .  We canr  ] "  
'  

l -
interpret  l -cr ,  as the innate propensi ty of  an organism to

act ively home, independent of  select ion and deme sizes.  A

proport ion o,  of  the populat ion fo l lows the migrat ion

patte rn M -  When cx --  O al l  d.emes are str i  ct ly isolated

and when o = I  the migrat ion behavior of  the total  popu-

lat ion per generat ion is summarized by M .
(o- )

f t  is  t r iv ia l  to check that M 
l -  

is  more
(o^)

sense of  Def in i t ion 4) than M 
z 

i f  and only i f  o1 >

deme or ig inArlowing for dispersal  rates varying with the

we obtain an n-parameter famiry of  matr ices

(2.33)

tu = l l * .  r l
i i l l  '  

o= (o1," ' ,4r . , ) ) '

obviously the matrix u(g) is more mobi- le than rq(9-l  con-
structed with dispersal  parameter sets o -  (o1 tc ' r t . . .  rc.n)
and B = (8r, . . . ,8r . )  ,  respect ively,  i f  o i  )  Bi  for  every

To what extent does "more mobir i ty" enhance the maintenance

of a protected polymorphism? Comparison of the migratj-on
(rv.)  /R.\

structure M': '  and M'9' with n genuine parameters is
formidable and does not point to a coherent relat ionship. rn

fact, decreasing only the f irst component o1 need not

ameliorate the occurrence of protected polymorphisms.

For the case of a uniform dispersal rate (the model of
(2.32) ) ,  we f ind in substant ia l  general i ty,  independent of

the selection gradient, that the l ikel ihood in favor of a
protected polymorphism becomes stronger as the degree of

mobi l i ty  d iminishes (o decreases).

The fol- l-owing general result is correct.

mobi le (  in the

(a)

* i j  = ( ] -o i )ur j  + oi* i j  r  : - rJ_ f r . . . ' f l
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ReSg]I rr. Consider the one p_a{aqetsr jajgiJJ_of mig_ratiol

malf ices (2 .32) whe_re M has _tfre_€orm (2 . 28) . Le t D be. a

diaqongl m_atrix with poj;_it.iJr.g terms_, on th.e_ dia.ggr.al i.nduceg

by the spat ia l  array of  aa-select ion coeff ic ients (see (2.4)) .

Then

P(MoD) = p(cr)

is a decreasing fwrct ion of o .

I t  fol lows that i f  a protected polymorphism exj-sts for a
(n l

level of homing I-oO r and migration structure M'." '  then a

protected polymorphism is assured for any higher level- of

homing. This f inding is consistent with the small  parameter

theory of Karl in and McGregor l tglZ).

3. DI SCUSS ION

In explaining polymorphisrns and cl ines, emphasis is usually

given to changes in selective factors between and within

environments. I t  is also widely recognized that in many

natr:ral situations migratj-on may play an important, even a

dominant, role. The fol lowing theme recurs in many works

concerned with populat ion genetics: The ongoing process of

evolut ion probably requires adjustment to a constantly

varying environment and to the combination of characterist ics

that survive from the dif ferent populat ions. Important

sources of variabi l i ty in natural populat ion can be genes and

gene complexes transferred from other populat ions. Also

widely recognized is that dif ferentiated populat ions retain

the abi l i ty for exchange of genetic material.  Put in a more

descr: ipt ive language, spatial and temporal variat ion in

environment are considered to be highly involved in the main-

tenance of  genet ic var iat ion in populat ions (Dar l ington I tgSZ],

wright [ fse8], Dobzhansky [1967]) .  The results reported in
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Section 2 bear a variety of implications pertaining to the

theme cited above.

Through a series of mathematical models the representations

of genetic variabi l i ty in a subdivided populat ion acted on by

migration selection forces has been recently studied by a

number of authors including Deakin [fSoe], l ]-gTz], prout

[rgoe],  Maynard-smirh [ rgzo],  chr isr iansen [ t9za],  lLgTsf ,

Strobeck l tglAT and others. The existence of "stable poly-

morphic equilibria" has been mostly confirmed by showing that

each al lele is protected against disappearance. (This method

used for the confirmation of polymorphism is reliable only in

the context of two a1leles.) Alt  the above theoretical works

confined attention to very special models mostly variat ions

on the Wright Islani l  model. The discussion of special

examples are undoulctedly of some separate interest and may fit

some natural si tuations. But even here, complete exact

results on protection for the important stepping stone cline

models are as yet r:navai lable. (In this connection see

Karl in and F. ichter-Dyn I fgZO].)

1. I t  is commonly stated that a spatial and temporal

environmental variat ion and increased populat ion subdivision

enhance the occurrence of polyrnorphism. The theory expor:nded

in this work and i ts detai led development in Karl in [ fgZO]

circumscribes somewhat the scope and val idity of this con-

tention. For this purpose i t  is essential to del imit care-

fully the concept when two environmental selection gradients

can be compared with reference to their degrees of hetero-

genei ty ( th is is not always wel l  def ined).  Such comparisons

must take proper account of the mj-grat ion structure coupled

to the spatial select ion gradient.

Various authors have emphasized that ',average heterozy-

gosity seems to increase with increasing environmental
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variabit i ty". Most averages are usually computed by weighting

equally likely over space and,/or time' we have determined in

Section 2 that it is unnatural when constructing the average

to improper ly scale the ef fects of  deme sizes,  d i f ferences in

local migration rates and the spectrum of select ion

inf luences. Formulas (2.12) and (2.6) indicate possible

appropriate weightings.

2. A precise sense in which more heterogeneous selection

gradients enqenders more polynorphism is the intent of Prin-

ciple I ,  now restated (see Section 2 for i ts detai led for-

mulat ion). I f  the environmel.t  A (characterized by the aa-

genotype spatial select ion coeff icient array {=.}t  )  is-  l -1 -

more heterogeneous lhan environment { '  = Ir ' ,}n with respect
-1

to the migrat-ion structure M in acco-rdance with Defini-tion

2, then protection of the A-alfele as mgre l fkely wfth t

- tover E

The above assertion appears to be true in substantial

general i ty. We have accomplished i ts val idation for several

important models but we do not have a complete classif icat ion.

The comparison of soft versus hard selection f i ts perfect ly

the framework of Definit ion 2. We have establ ished in a num-

ber of cases, including the migration selection cl ine sett ing,

that Principle I  appl ies with harcl select ion corresponding to

a less heterogeneous environment vis a vis soft select ion.

However, the conclusion that protection for hard selection

entai ls protection for soft select ion is not universal ly

correct. Some restr ict ions on the nature of the migration

structure are essential.

3.  Recent theoret ical  studies show that wi th temporal ly

f luctuat ing select ion intensi t ies the extent of  polymorphism
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increases, see ci l lespie [ fgZS],  l tg. lSl ,  Hart l  and Cook

Irgzs] ,  Kar l in and Lieberman IrgZa].  Bryant [ rgza] nas

reviewed some of the l i terature on temporal and spatial

select ion heterogeneity related to natural enzyme polymor_

phisms. He dwells on the relat ive roles of spatial and tem_
poral environmental variat ion and claims on the basis of

mathematical work of Haldane and Jayakar [ fgOS] and some work

of charlesworth and Giesel l tglzl  and Giesel l tglZl that the

condit ions for polymorphic stabi l i ty in the presence of tem_
porar varlat ion are more str ingent than for spatial variat ion.

Bryant goes on to conclude that ' , the major trend of genetic

variat ion seems int imately associated with temporal variat ion

in the environment, while the remaining trends i-n some cases

may be related to other parameters, including spatiar hetero-
genei ty" .

This conclusion is not concordant wj_th our f indings repor_

ted in section 2. with populat ion subdivision and moderate

migration f low a suff icient condit ion for the existence of,

say, protection of the A-a11e1e is

I  \ r
,r*, )

(  *)

where {s.}*  
_ 

consists of  the spat ia l  array of  aa-genotype

selection coeff icients among the n rocarit ies and the com-
ponents of  (v,  ,v"  , . . .  ,v )  ref lect  the inf luence of  migrat ionLZn

and varying deme sizes (see (2.23) and (2.12)) .

For a cycl ical ly (e.g.  seasonal)  varying set of  select ion

effects {s.}n of  per iod length n a suf f ic ient  condi t ionr-1

for protection is

, : ,  
(
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where v.  now relates to the var iable populat ion s izes over
I

successive generat ions .

The general ized ari thmetic geometric mean inequali ty

shows that protection of the A-al1ele is mgre easi ly main-

tained with spatial as against temporal variat ion in selec-

t ion coeff icients. This suggests that spatial-rather than

temporal heteroqeneitv of the environJnents is a more powefful

force for polymorphism. For temporal heterogeneity ttre

determining factor is a general ized geometric mean of f i tness

values while in spatial heterogeneity a general ized ari th-

metic mean of f i tness values is cr i t ical '  I t  should be

emphasized that we are comparing the same average levels of

selection in the two cases.

The contrast is more manifest with sma11 cumulative selec-

t ion ef fects,  ( i l=.1 smal l ) ,  then (*)  is  essent ia l ly  equi-

valent to

, ! r ' i f r>

- rnztr
o- = )  v.  (s.-S

Lr l - l -v

i= l

n
r
)  s.v.

.  - r  t  l -
l-= r

to

o2> with

S
V

whi le (*  *)  reduces

2
o
2

)2 and

( t )

(+)

Thus with temporal f luctuating selection intensit ies the in-

equal i ty (+) (by a factor + )  Ur ings less l ikel ihood of
z

protect ion.

Hartl suggested an intuitive argument for the above con-

clusion. In the c i rcumstance of  cycl ic temporal  select ion
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variat ion, once f ixat ion occurs in a generation then f ixat ion

persists thereafter. Whereas in the presence of spatial

select ion variat ion even with f ixat ion in one local i ty for a

generation, st i l l  the alternative t lpe can be reintroduced by

migration from other local i t ies.

4. An accurate assessment of the signif icance and descrip-

t ions of the degree of homogeneity or heterogeneity in gene

frequency patterns correlated to the environmental select ion

gradient and population structure could only come from a

determination (qual i tat ive or expl ici t)  of al l  the stable

equilibria, their domains of attraction and the dynamic beha-

vior of the process. This is undoubtedly a formidable analy-

t ic task. We had some success on this objective for the

cl- ine stepping stone model (Kar l in and Richter-Dyn I fSlO]1.

The evaluation of p(DM) (see (2.4) for the definit ion) does

give some information concerning the gene frequency patterns

that are possible in the general case. To wit,  i f  p(DM) is

substantial ly larger than I then certainly in some local i ty,

at least one, we could expect a signif icant frequency of the

A-al le l -e.  I f  p (DM) is c lose to 1 but st i l l  exceeding 1

then the A-a1lele is protected but general ly represented

throughout the populat ion in smalf frequency- The early dis-

cussion of Sectj-on 2 glves quite good lower estimates of p

for several important cases of migration patterns.

5. I t  is also of interest to contrast migration struc-

tures as to their degrees of mixing and isolation. l\nlo such

concepts were introduced in part C of Section 2 and analyzed.

The inf luence of migration structure on the maintenance of a

protected polymorphism and i ts characterist ics can be divided

into four categories according to the extent of migration

flow; very small ,  sma11 to moderate, moderate to uniform
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mixing, and strongly osci l latory movement. rn each case,

based on the analysis of section 2, a nuniber of qual i tat ive

inferences are highl ighted and discussed.

( i)  Very small  migration f low. In this circumstance, the

degree of environmental heterogeneity coupled to the initial

frequency state plays a decisive role in the evolut ionary

development of the PoPulation:

(a) With selection forces favoring dif ferent genotypes in

dif ferent niches (demes), a preponderance of one or

other al leles predominate in each deme. The average level of

heterozygosity is 1ow but the level of polymorphisrn is large'

The emerging gene frequency arrays are considerably hetero-

geneous. The exclusive contingency of avoiiling pol1'morphism

for any sets of ini t ial  condit ions is that a single al le1e

has selective advantage throughout the populat ion range (cf ' ,

Karl in and Mccregor l tglzaf, l tglzaf) -

(b) With a homogeneous selection gradient involvj-ng local

heterozygote advantag€r d relatively homogeneous poly-

morphic frequency state is achieved expressing a high average

heterozygosity.

(c) A mixture of underdominance, direct ional and overdominant

spatial ly varying selection expression can produce a

wide variety of stable polymorphic and'/or fixation states and

the actual equilibrium established depends sensitively on the

init ial  frequency state.

( i i )  Small  to moderate outbreeding or mobil i tv rates'

Result I I  (Section 2) te1ls us that the strength of a pro-

tected polymorphism increases with the extent of isolat ion of

demes. It is important to caution that this result applies

in general form only i f  the rate of outbreeding is diminished
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uniformly independent of the deme sites. A decrease of dis-

persal at a parEicular deme while the oLher dispersal races

are kept constant, can engender the opposite effect making

fixation more l ikely.

rncreasing strength of protection means that the fixation

states are more repel lant and that each arlel ic frequency is

represented with substantial frequency in at least one deme.

There appears to be no relationship between the strength of

a protected polymorphism and the form of the polymorphic

equilibrium. with low migration rates we would expect con-

siderable heterogeneity in gene frequency. For moderate

migrationr more monomorphic outcomes are revealed unless sub-

stantial heterozygote advantage is operating in each deme.

(i i i )  Moderate to uniform mixing migration rates. The

contr ibution of the demes substantial ly blend in al l  respeccs.

The outcomes now depend in a complex manner on arr parameters

of the model producing both f ixat ion and polymorphic possi_

bi l i t ies wittr  f ixat ion occurrences usually more frequent

unless other forces are involved. with loca1 heterozygote

advantage a usually unique globar porlmorphism is maintained

independent of the nature of gene f low.

(iv) protection

is now again more likely than with uniform mixing. There

appears to be a threshhold level of medium migration ftow

such that the maintenance of a stable porlzmorphism is minimal

at that rate of miqration.

6. Several authors have recently appealed to Levins

lrgog] to hetp expl icate the inf luence of f ine versus coarse

grain environmental expression pertinent to genetic varia-

bi l i ty. Although this theory is regarded as mathematicarly

based, i t  is principal ly graphical and descript ive in

654



POPULATION GENETICS AND ECOLOGY

character. One conunentary of this theory is that a very

mobite organism experiences many different conditions' the

average of which is simiLar for all members of a population.

The effective environment is accordingly fine grained sig-

nifying little uncertainty and therefore the organism may

well fix on a given genotype adaptive to the bulk of its

experiences. For relatively immobile population, the environ-

ment experiences is likely to be uncerEain and therefore the

adaptive strategiy of the population is to maintain substantial

variability with different alIeles predominant over appro-

priate ranges of the population.

The tenuous contact of these concepts with our work is

that a migration pattern wiEh substantial flow has indeed

decreased opportunit ies for polymorphism. More precisely'

Result I I  provides an analyt ic assert ion that with increasing

outlcreeding (or rnobi l i ty),  the manifestat ion of mrlt iple

phenotypes and genotypes is reduced. There are restrictions

on the val idity of Result I I .  The reduced mobil i ty must apply

essential ly r:niformly over the whole range of species.

A different approach to the evaluation of degrrees of

mixing is the substance of Result I in paragraph C of Section

REFERENCES

Bodmer,  W.F. and L.L.  Cavaft i -Sforza. (1968).

555 -592 .

Bryant,  E.H. (  L97 4) .  4$.  Natur- .  108.:  l - I9.

Bulmer,  M.G. (L972).  Am. Natgr.  106: 254-257 -

Char lesworth,  B.  and J.T.  Giesel .  ( f972).  Ar l .

3 88-40 I  .

Genet ics 59:

Nat_u{. 106_:

Christ iansen , F . (  L97 4) .  Am. Ngrtur. I0B :

Chr ist iansen ,  F.  (  L97 5) .  Am. Natur.  I09 :

15 7- L66 .

1r-16.

655



S. KARLIN

Darl ington, P.J.  (1957).  Zoogeography: The geographical  d is-
tr ibution of animals. John Wiley, New york.

Deakin,  M. A. B .  (  1966) .  Am. Natur.  IOO |  690-6 92 .

Deakin,  M.A.B. (1968).  Aust_.  J.  Biol .  Sci .  2Lz 165-16g.

Deakin,  M. A. B. (  1972) .  Aust.  J.  Biol  .  Sci  .  25 = 2L3-2L4 .

Dempster,  E.  (1955) .  euant.  Biol .  20:  25-32.

Dobzhansky, Th. (  1967) .  proc.  Fi f  th-  Berkeley S)rmp. Math_.
Stat .  Prob. 4 :  295-304 .

Endl€r,  J.A. ( l -973).  Science L79: 243-250.

Flemi i l9,  w. H. and c.  H. su.  (  rg7 4) .  Theor.  pop. Biot  .  5 :
43L-449 .

Fr iedland, S. and S. Kar1in.  (1975) .  Duke Math.  J.  422
355-387.

Giesel ,  J.  A.  (  fg72) .  Am. Natur.  106 :  4L2-4L4 .

Gi l lespie ,  J.  H. (  1973) .  Theor.  pop. Biol  .  I  :  (2)  193-195 .

Gi l lespie ,  J.  H. (  l -97 4) .  Am. Natur.  108 :  No. 964 ,  g3l-g36 .

Hal-dat€,  J.B.S. and S.D. Jayakar.  (1963).  Genet ics 59:
232-242 .

Hanson ,  W. A. (  1g 66) .  Biometr ics 22 z 453-468.

Theor.  Pop.

Jain,  S .  K.  and A. D. Bradshaw. (  1966 )  .  Heredi ty 2L: 4O7 -44L .

Kar l in,  S.  (1968).  J.  Appl .  prob. 5:  23L-313, 487-566.

Kar l in,  s.  and J.  l4cGregor.  (  Lg72a) .  Theor.  pop. BioI  .  3 :
2IO-238.

Kar l in,  S.  and J.
186 -209 .

Kar l in,  S.  and U.

6:  355 -382 .

Kar l in,  S.  (  fg75) .

Kar l in,  S.  and N.

Kar l in,  S.  and N.

of  c l ines.  ( fo

Hart l ,  D. L.  and R. D. Cook. (  1973)
163-L72.

Biol .  4:

IvlcGregor . ( L97 2b) . Theor . pop .

Lieberman. (  I97 4) .  Theor.  Pop.

Biol .  3:

Biol  .

Theor.  Pop. Biol- .  7 :  364-398 .

Richter-Dyn. (1976) .  (This volume) .

Richter-Dyn. ( fg76a,b,crd).  On the theory
appear)

6s6



POPULATION GENETICS AND ECOLOGY

Karl in,  S .  ( f  9 76-77) .  Topics i rn m.qthem3tical .  genet igs .

Academi-c Press,  New York.  (To appear)  -

Kimura, M. and G.H. Weiss.  (L964).  Genet ics 492 561-5J6.

Kimura, M. and T. Maruyama. (  1971) .  Genet.  Res .  IB :

L25-13r.

Levene ,  H. (  fg53) .  Am. Natur.  BJ ,  331-333 .

Levins,  R. (  1965) -  Genet ics 52 z 891 -9O4 -

Levins ,  R. (  1968) .  Evolut ion in changing enviro-nments ._

Pr inceton Universi ty PreSSr Pr inceton'  N.J.  L2O pp.

Lewont in 7 R. C. (  197 4) .  The_ genet ic basis of  evolut ionary

changre.  Columbia Universi ty Press,  New York and London.

Mal6cot ,  G. (  L948, L970) .  Les.  Mat_h6mati .ques de L'H6r6di t6.

Masson et  Cie.  ,  Par is.  Revised Engl ish t ranslat ion:

Freeman, San Francisco.

Mal6cot,  G. (195I) .  Ann. Univ.  Lyon Sciences, Sec.A, L4:

7 g- l18 .

Mal6cot,  G. ( f959).  Publ .  Inst .  Stat .  Univ.  Par is 8:

173-2LO.

l4a16cot,  G. (  L967) .  In Proc .  Fi f th Berkeley Symp .  Math.

Stat .  Prob. IV:  3L7-332. Univ.  of  Cal i fornia Press,

Berke1ey.

Ir , laruyama, T.  ( f970).  Adv. AppI.  Prob. 2:  229-258.

Maruyama T. (  1972) .  Math.  Biosc- iences L4: 325-335 .

Maynard Smith,  J.  (1970).  Am. Natur.  104: 487-490.

Moran, P.A.P. (L962).  The stat ist ical  pr .o.cesses of  evolu-

t iona_ry thegry.  The Clarendon PresS, Oxford.

Prout,  T.  (  1968) .  Am. Natur. .  102 :  493-496 .

Strobeck, C. (  L97 4) .  Am. Natur -  108: 165-172 -

Wal lace, B. (  I95B) .  Tsrpics in p.opul .at ion .g-enet i -cs_. Norton.

Wright,  S.  ( f943).  Genet ics 232 I f4-138.

Wright, S . (  1968) .  Evol.ut ion and the ge-netics pop-ulat ion 
'

VoI.  l .  Genet ic and Biometr ic Foundat ion.  Univ.  of

Chicago Pres s r  Chicagto .

657


