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1. INTRODUCTION

A frequency cl ine refers general ly to a gradient pattern

in a character with respect to a l inear series of demes (sub-

populat ions of discrete breeding units) subject to some inter-

deme migration. The slope of the cline between regions (and,/

or demes) has partly been taken to be indicative of the

degree of differentiation among the different sub-populations

and used in estimating the strength of select ion acting co

maintain a c1ine.

The phenomena of cl inal variat ion in gene frequency is

volurninously documented both in experimental and natural

populat ions. Classic f ield studies of cl ines include the

works of Kett lewell  [ f961] and Kett lewell  and Berry [ fSOt],

[ fg0g] on melanism and the extensive analyses of Jain and

Bradshaw [1966] which highl ight 5 cl ines of grasses and
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plants along certain transects. Frequency cl ines have long

been described for morphological,  physiological,  behavioral

and chromosomal characters. Endler [ fSZ:] contains a sub-

stantial set of references report ing cases of observed morpho-

tones (cl ines). In recent years enz)rme polymorphic cl ines

have been increasingly uncovered, e.g. ,  Koehn I fSOg],  Beard-

more [1970],  Marshal l  and AIIard l tg lz) ,  Hamrick and Al lard

I tg lzf ,  Merr i t t  l tg lz l ,  Rockwood slus et  ar .  [ rsz: ] ,  Fryden-

berg and Christ iansen [ tgZa],  Bryant l tg lAf ,  Nevo and Bar
r .  ^- ,  l
L r:, / () I ano oEners .

A commonly held bel ief has been that cl inal variat ions in

gene frequency originates in response or is correlated to one

or more ecological and/or genetic environmental paramerers;

e.9., temperature and humidity gradients over space and t ime,

variat ion in substrate avai labi l i t ies, characterist ics of

soi l  and water composit ion, the distr ibution of related pre-

dators, factors of cryptography and colorat ion background,

etc. I t  is a tr i te comment in the analyses of cl inal patterns

that genotypic dif ferentiat ion is promulgated by joint effects

of 1oca1 selection forces and gene f low. fmportant contr i-

buting factors determining the equilibriurn and dynamic struc-

ture of cl ines would include the rate and form of gene f low,

the extent of populat ion subdivision or mult ipl ici ty of demes.

the variat ion in 1oca1 populat ion density, the variegated

intensity of select ion forces operating over the range of the

species,  and simi lar ly.

I t  is often assumed that near a sharp discontinuity in

gene frequency there necessari ly exists some environmental

factor change. Arguments have been put forth by Haldane

[fgag],  Hanson [ t -gOO],  and others,  indicat ing that smal l

select ion dif ferences can already engender marked 1ocal geno-

typic dif ferentiat ion but the amount of rnigrat ion is cr i t ical.
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This sensit ivi ty to the magnitude of gene f low is questioned

by Endler I fgZ:].  There are alternative conclusions pertaining

to the balance necessary between migration and selection

entai l ing the establ ishment of cl inal variat ion. For example

Wright [ fSa:] has stated: "diversity in degree and direct ion

of select ion among local i t ies. . .  nay br ing about great

dif ferentiat ion i f  not overbalanced by rnigrat ion". On the

other hand, Jain and Bradshaw infer on the basis of their

simulat ion studies, "Selection can cause very local ized

patterns of microgeographical variat ion despite migration

through po11en dispersal".  "Populat ions of plants closely

adjacent can diverge very remarkably even if there is only a

small  degree of geographical isolat ion". Of course both sets

of pronouncements may be valid under appropriate circum-

stances.

A number of mathematical models incorporating some forms

of gene flow and a geographical selection gradient were intro-

duced by Haldane [ fgae],  Fisher [ fgSO] and others,  most

recently Slatkin [ fgZ:].  The above authors al l  dealt with an

inf inite l inear array of demes (actual ly a continuum of sub-

populat ions) where the gene f low in each generation occurs

only to adjacent populations. The formulation of the analo-

gous f ini te discrete model is as fo1lows. A populat ion is

distr ibuted on a f ini te region composed of separate breeding

demes ( local i t ies) ,  e.9. ,  geographical  or  ecological  habi tats,
J.)J.)  . . r
VI ,V2,. . . ,HN arranged in l inear order as indicated.

Successive qenerations in the population are discrete and non-

overlapping. Each sub-populat ion P. is of large size so

that genetic dri f t  effects are not pert inent. Consider a

trait  with two possible al leles labeled A and a . Mating

and natural selection operate independently in each deme

before some individuals disperse to the neighboring demes.
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Thus after select ion, a fract ion m (m < L) of each deme is

exchanged with each contiguous deme as depicted below.
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The migration pattern with movement allowed only to neigh-

boring demes over successive generations, is conunonly dubbed

the homogeneous stepping stone migration mode and was studied

extensively by Mal6cot [ rgag],  l rgst ] ,  [ rssg],  later by

Kimura and weiss [fgOa], weiss and Kimura [fgOS], and recently

by Fleming and Su ltgtST. These and other authors including

Latter I rgzs] ,  Maruyama Irgzo],  l tg lzf ,  concentrated mainly

on f ini te populat ion size effects with no selection dif fer-

ences among genotypes and demes.

Slatkin [ fgZS] ostensibly considered more general migraticn

patterns but the approximations he employed' in essence,

reduce the model to that of a continuous version of the

stepping stone model. In a later study we discuss forms of

dispersal other than the "continuous movements" implici t  to

the stepping stone f1ux.

The two-range selection regime

Haldane, Fisher and Slatkin treat mainly the case when the

range of the species is clearly divided into tvto sections.

Fisher [ fgSO] writes "The interesting case arises in which a

gene enjoys a selective advantage in one part of a species

range while in the remainder it is at a selective disadvantage.

On the boundary between these regions, selection is neutral

between two al leleomorphic genes."
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I t  is  useful  to represent such a geographical  select ion

gradient schematical ly as fo l lows:

t?

Demes ,n_n 
' f l  n " f ]  n '  n

-r*#-
(1.1)

where - signif ies that A is disadvantageous at the locai-

i t ies 1 < i  < 0, (meaning that where such a deme is iso-
I

lated, reproduction and sel-ect ion would bring the loca1 popu-

lat ion to f ixat ion of the a-al1e1e); + connotes that A

is advantageous at the posit ions specif ied and in the region

of the 0 designation the A and a al lel-es are understood

to be neutral ( that is, no selection dif ferences exist among

genotypes). Thus, a1Ie1e A is advantageous in the r ight

port ion of the range and a1Ie1e a is advantagreous in the

left port ion. The neutral zone may or may not exist.  We can

view the model of (1.1) as a general ized two range selection

regime, each environment (range) favoring a dif ferent al leleo-

morph. The intensity of selection may vary in an arLritrary

manner bet\,veen demes consistent only with the - , 0 . *

arrangement of  (1.1).

Fisher examined a subcase of  (1.1) where the heterozvgote

carries intermediate f i tness values corresponding to addit ive

al lel ic effects. Haldane concentrated on an autosomal domi-

nant gene and i ts al le leomorph. Kett lewef l  arrd Berry I lgOf l

strove to f i t  their data into the Haldane sett ing. In the

case of melanism, the Tingwell  vaI ley appears to be a divi-

ding boundary between the two general ized environments.

Kett lewell  and Berry did subsidiary experiments which gave

reasonable evi-dence for the existence of sel_ection, namely by

l r  ls+l  tz f2+l  N
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the introduction of organisms from one part of the cline into

another part of the cl ine and studying their subsequent evo-

lut ion. Jain and Bradshaw [fgOO] simulated a model involving

two geographic environments with selection favoring dif ferent

al leles in each region. The latter authors considered a

migration structure of the kind consonant to isolat ion by

distance where the extent of individual miqration is described

by a probabi l i ty  d istr ibut ion.  In their  computer runs ,  they

take some special  choices considered appropr iate for  des-

cr ib ing pol len and seed dispersal  pat terns.  Thus migrat ion

per generat ion is not l imi ted to smal l  movements.  Further-

more, a s igni f  icant element in the grass c l - ines of  Jain and

Bradshaw is the fact  of  unequal  rates of  gene f low in reci-

procal  d i rect ions (mediated part ia l ly  by wind condi t ions) .

These authors found that strong local  select ion was more

potent than the mit igat ing ef fects of  even high gene f low.

The concept of  grades of  local  select ion intensi ty wi l l  be

discussed later in th is work.

A number of  examples of  studies of  c l ines in the human

populat ion are reviewed in the book of  Caval l i  and Bodmer

I fg 7L, p.483-490] .  This discussion includes an appl icat ion

of the F isher and Haldane model to a c l ine in A B O gene

frequencies runnirg lat i tudinal ly through the Is lands of

Japan,

The select ion gradient

The transformat ion of  gene frequency accountable to the

mat ing structure and select ion forces in deme f , .  i  s
I

re f  lected by the relat  ion

such that i f  x is the

generat ion,  then af ter

xt _ f  .  (x)
l_

A-frequency in €., at the start
t-

the act ion of  mat inq and natural

(L .21

ofa
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selection the result ing A frequency prior to dispersal is

x '  .  The local  select ion funct ions sat isfy 0 (  f i (x)  < 1,

O < x < I .  General ly, f '  (x) is continuous and monotone

increasing. Also we st ipulate in this work that f '  (0) = 0

and f.  (1) = 1 indicating that the selection forces maintain
l_

a pure populat ion composit ion (or equivalently, new mutant

tlpes in the time frame under consideration cannot be

establ ished so that effect ively mutation events are ignored).

Animportantchoiceforf . (x)ar is ingfromtheclassical

diploid one-locus two-al leIe viabit i ty model has the form

(1+o.) ; 'a 1(1-x)

f . (x)  = 
l - (1.3)

r--2)
I+oi*  +=i  (  I -x)  -

when the viabi l i ty  parameters of  the genotypes are as l is ted

AA AA AA

l+o. t  l+sr -

(1.41

In a haploid situation we would take

o.x
f . (x)  = (1.s)

i .  
-  

o.x+s.( I -x)

Other determinations for f .  (x) can be generated by super-

imposing various forms of frequency dependent selection and

other selection functions can be constructed induced on a

single locus when part of a complex genome' The cl ine models

discussed in this work also apply in some cases of select ion

functions based on considerations of competit ion, prey preda-

tor, host pathogen or other ecological contexts-

The statement that A is advantaqeous in deme i is

equivalent to the formal relation

fr(x)>x foral l  O<x<1 ,  (1 '6)

disadvantageous i f

f . (x)  < x for  a l l  0 < x < 1 ,  (1 '7)
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and neutral  i f  f .  (x)  = x .

For direct j-onal select ion favoring al lele A with addi-

t ive f i tnesses, o = -s > O in (1.3).  Where A is dominant

andadvantageousthen o=0 and s=-t  (O<t<1) The

case of heterozyg.ote advantage corresponds to o = - \ r

s=-6 (0<y,6<1)

A selection function f(x) is said to be more favorable

(stronger) than i t" l  with respect to the a-al lele ( in sym-

bors f<f) ,  i f

t (x)  < i (x)  for  a l l  x (O < x < 1) (1.8)

I t  is  easy to check that for  fo,=(*)  def ined in (1.3),

f -  _ < f -  provided o < o, ,  and s,  S s .ors o1r=1 -  l -  I  -

The environmental (geographical) select ion gradient is

characterized by the complete prescript ion of the l-ocal

select ion funct ions f .  (x)  ,  i  = 1,2, . . . ,N .

In the circurnstance where the heterozygote has

addit ive f i tness values, each local select ion function is

determined by a s ingle select ion coeff ic ient  o.  ,  -15o.51 ,

v iz. ,

nq dd

f i tnesses I+o. 1 t -o.  in deme q (1.9)

Where a1Ie1e a (a) is advantageous, o.  > O (o.  < 0)

holds.  *

Gil lespie and Lanqley [ f974) survey biochemical  evidence
point inE to wi-de val id i ty of  the assumption of  heterozygote
intermediacy.  Thus the postulates of  Sect ion 2 of  addi t ive
al- le l ic  f i tness ef fects is possibly an important case in the
stucly of  a l lozyme polymorphisms; in th is connect ion,  see
also Latter I tn is volume].
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With local  select ion funct ions of  the form (1.3) and f i t -

nesses (1.9),  the schematizat ion of  the select ion gradient

(  1 .  l )  in terms of  the parameters {  o,  ,6 2,  
.  .  . ,  o*}  can have a

general form as below

(1.10)

o?

A more regular pattern has oi monotone separately in each

environmental  range. We descr ibe three cases whose equi l i -

br ium behavior wi l l  be contrasted in our later discussion.

fn Case I  I  select ion becomes stronger wi th distance from

the neutral zone (or from the demarcation point) :

Condit ion I

(1.1Ia)

In Case I I ,  the select ion coeff ic ients are constant in each

environmental  range:

ol,. l= o
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Condit ion I f

(1. f rb)

rn Case r I I ,  the select ion intensi ty decreases with distance

from the neutral-  region:

Condit ion I f f

(1. l tc)

To have a meaningful comparison, it is stipulated that the

selection regimes I-I I I  share the value

I t

s- = I  o.
L . ' , -  i

I=I

(1.12a)

i .  e.  ,  the aggregate select ion coeff ic ients over the lef t

range where select ion favors al l -e le a coincide for Condi-

t ions I ,  f f  and l f f .

S imi lar ly ,

o r"r ,
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(1.12b)

is the conmon cumulative selection value in the right range

for models I-I I I .  Condit ions II  and II I  may possibly corres-

pond to abrupt environmental changes, induced by a geological

fault  or a sharp change in two contiguous soi l  composit ions

while Condition I may be relevant to a more gradual climate

variat ion, background colorat ion, etc.

Formulation of objectives and problems

The analysis of migration selection interaction in mult i

deme models can be implemented on two levels:

( i)  r t  is possible to obtain rather precise condit ions

guaranteeing the existence of a protected polymorphism. For

substantial studies of this problem in the general context of

geographical populat ion models we refer to Karl in [ fgze]. ror

more ref ined results concerning protection in cl ine systems'

see Kar l in and Richter-Dyn [ fsZOa].

( i i )  The characterj-zations and comparisons of the equil i -

bria under dif ferent condit ions on selection and gene f low is

in general,  a formidable undertaking. In this paper we

report a number of results describinq the nature of poly-

morphic states in the selection cl ine model with stepping

stone migration.

The specif ic objectives of this presentation and the sub-

sequent detai led works (Kar l in and Richter-Dyn [1976b,c,d]

seek to clari fy the interrelat ions between patterns of geo-

graphical ly dif ferentiated gene frequency and the background

selection and gene f low structure.

Concentrating on a general two-environmental selection

gradient of the form (1.1) we investigate the fol lowing

quest ions:

N

s = I  o.
R ? +I  

r
,=L 

2
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(1) For a prescribed environmental or geographical selec-

t ion gradient (determined by the f.  (x) that ref lect the

local select ion forces) and a migration rate m , we wish to

ascertain qualitatively and quantitatively the form of the

stable equi l ibr ium configurations (possible cl ines) that can

evolve.

In particular it is of value to compare and contrast the

shape of a steady state (equi l ibr ium) cl ine with the shape of

the background environmental select ion pattern. Part icular

pert inent inquir ies include:

(2) To what extent does increasing gene flow swamp out

dif ferences in local select ion expressions?

(3) Where does the maximum slope of the cline occur and

what is i ts signif icance?

(4) Ts a sharp local change in selection intensity bet-

ween two adjacent demes reflected in a corresponding marked

change in gene frequency nearby?

(5) I t  is of interest to evaluate the effects on the

shape of the cline in lengthening the neutral reqion.

(6) With prescribed aggregate levels of select ion coeff i-

cients favoring al lele A in the r ight range and al lele a

in the left  range, how does the equil ibr ium cl ine dif fer in

the contrasting cases of the selection patterns I,  I I  and fI I

descr ibed in (1. I1)?

(7) How would the character of the cline change if the

demes of the central (interface) zone involve loca1 hetero-

zygoEe advantage instead of each bearing no selection differ-

ences among genotypes?

(8) What would be the influence if each deme of the cen-

tral range expresses underdominance?

(9) What are the effects of unequal rates of migration, a

non-local migration range, dif ferent relat ive deme sizes and
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rnult ipl ici ty of demes, the inf luence of boundary condit ions,

a selection gradient involving more than two environmentst

t i-ming (or order) of the operation of select ion and migration

forces, mult i  a l Ie les,  rnul t i  loci ,  dominance relat ionsr etc.

Several of our f indings on these problems are reported in

Sections 2 and 3. Some of their implications and l imitat ions

are described in the conclui l ing Section 4- In a series of

papers we wil l  elaborate the val idations of the results high-

l ighted in the later sections plus other aspects of select ion

cl ines.

We close this f irst section with some comments on other

recent l i terature on this topic. Endler I fSZ:] reported

simulation and computer studies of the equilibrium state for

some examples of cl ines involving 15 sub-populat ions. Speci-

f ical ly, Endler focused primary attention on the model of (1'1)

for several regrular select ion patterns where each f i  is

determined by the formula (I .3) with f i tness parameters

w. (AA),  w. (Aa),  w, (aa) for  deme i  of  the genotypes AA ,  Aa
ir- l -

and aa , respectively. We l ist the choices he made:

(o) w. (aa) = h >
I  

r I  /  r  t  * l  
15 

|  
i '  15 '

i  = 1,  .  .  .  ,15 (heterozygote advantage throughout
the range) .

r i (aa) = I  ,  r i (AA)(  B)

(y)

(addi t ive f i tnesses) . (1.13)

( local heterozygote advantage) .

Ihe effect ive populat ion size in each deme was so large that

the inf luences of genetic dri- f t  is considered inconsequential.
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The cases (1.13o,8) were designed to ref lect  a phenomenon

where a part icular genotlpe f i tness increased uniformly with

posit ion along a transect while the other two genotype f i t-

nesses decreased at dif ferent constant rates along the same

transect. His simulat ion runs yielded monotone cl ines in al l

cases which exhibited a marked steepening in the neighborhood

of the center deme i=8 in case (B). The outcome for case

(Y) was close to that  of  (o) .  But in contrast  the hetero-

zygous advantage cline (o) produced a roughly linear monotone

cl ine. He observed some boundary effects in the cl ine as

revealed in the computer runs.

Hastings [preprintJ conducted some stochastic simulat ions

of the stepping-stone model with 15 demes of "small" popu-

lat ion sizes IO, 20 and 40 along a selection gradient of the

kinds treated by Endrer and showed that gene frow had several

i-mportant effects. As gene f low increased, the stochastic

effects were reduced and after 50 generations the yield

approached the determinist ic solut ions, thus paral lel ing the

effects of increasing size for each deme.

ft  is convenient, for later comparisons, to have avai lable

a number of Endler 's quaritat i-ve cl.aims and evaluations which

we present by direct ci tat i_on from hi_s paper.

"There are many possible spatial patterns of select ion and

gene f low that can produce a given cl ine structure."

"Irregulari- t ies in environmental gradients increase the

sensit ivi ty of cl ines to the effects of gene f low in propor-

t ion to the increase in the dif ferences in gene frequencies

between the emigrants and the demes receiving the irnmigrants."

"Any asymmetry in gene flow does not lead to dedifferen-

t iat ion i f  the environmental gradient is smooth; i t  merelv

shifts the posit ion of the transit ion zone between the

differentiated areas from that which would be expected i f
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there were no asynmetry. Abrupt geographic dif ferences in

gene, genotype, or morph frequencies should not, therefore,

be interpreted as evidence for environmental changes in the

immediate vicinity of the steepest part of the cl i-ne-"

"Gene f low may be uni-mportant in the dif ferentiat ion of

populat ions along environmental gradients."

We can test  a number of  Endler 's assert ions on the basis

of our exact analysis of his and our more general models. A

variety of new insights emerge.

Slatkin [ fSZ:] contends that there is a single cri t ical-

parameter which mainly determines the shape of the cl ine at

least near the barrier where the character of select ion

sharpty changes from favoring a1lele A to favorinq al lele

a . This conclusion was correct for the special model he

considered but not typical for the general descript ion of the

j-nteraction between gene f low and the selection gradient

structure as wil l  be more apparent from the discussion and

results reported in this paper.

RESULTS AND COIVIPARISONS OF FREQUENCY CLTNES

We wi l l  descr ibe a ser ies of  resul ts bear ing on the objec-

t ives and problems set forth in Section 1.

Consider a geographical- cl ine disptaying a two range selec-

t ion regime having the schematic form

Demes f , , . , . , f ,1,  Pt1 +rr . . . , f , t ,

.nnrn
l--- 

-l---

aa
t  lZr l r . . . r f  N

rt tl
L---------v--

+

(  2 .  1)

( r  <

is  advantageous, and in the
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demes the a-type is advantageous, while in the central zone

there are no selection dif ferences (a and a are mutual lv

neutral)  (see (1.6) and (1.7) s6p11.r1.

Apart frorn the general structure of (2.1) there are no

further requirements imposed on the detailed nature of the

Iocal select ion functions. In part icular we st ipulate no

regularity or pattern for the strength or degree of advantage

for A in the respective demes of the + region and simi_

lar1y for  the -  region. Endler [ rgzr] ,  s latk in [ rgz: ]  exa_

mined some special regular patterns f i t t ing (2.1) by numerical

means.

The associated migration form is assumed at f i rst to be

uniform gene flow between conti.guous demes, with exchange rate

m . The assumption tacitly implies that the relative deme

sizes are equal. (Later we wil l  discuss the model of unequal

locar rates of rnigrat ion and the consequences of unequal rela-

t ive deme sizes,  paragraph E.)

where serection operates f irst and migration occurs in the

adult stage, the transformation equations relating the A_

frequencydistr ibut ion x-  (x l  , . . . , \ )  and * '=(* i , . . . , r11

over two successive generations, * i  representing the pro_

port ion of the A-al lele in deme i ,  are given by

" i  
= t r -* l  f r (xr)  +mf 

, (xr)

" ,-  
= *f i - r  (* i -r)  + (1-2m) r .  (xr)  +.f i*r  (* i* t)  ,  

12.2)
i  = 2, . . . ,N-I

t -
*N = *fN_I (*r_I)+ (1-m) f*(**)

severar cr i ter ia for the ascertainment of local instabi l i ty

of  the f ixat ion states O = (0, . . . .0)  and I  = (1, . . . ,1)  ,
corresponding to f ixat ion of the a-a1re1e and A-al lele, res-
pectively, in the context of an ordered geographical structure,
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are developed in Kar11n and Richter-Dyn [fSZea], and for

general mult i  deme populat ion systems in Karl in [ :_gZO]. This

is the problem of "protect ion" in a c l ine.

An equilibrium

n = ( i ,  , i2, . . . , \ l

of the system (2.2) is cal ledpolymorphic i f  O < i ,  < I  for

al l  i  The equil ibl ium i is said t9 be monotone (a mor-

photone) i f

The slopg-pF. 
-tJre S].tS for the equil-ibrium state 

" 
is

descr ibed by the vector

 ' \  q= (6. ,16 i  . , )  where d-.  = x. , ' -x.  .'  1 ' -2 '""  "N-r  t  r f r  r

(2.3)

(2.4)

(2.5)

A. The lature 9f poltmorph-ic equi-libria.

the result reported next is rather remarkable in that i t

is independent of any specif ic form of the selection fr:nc-

t ions except that the general pattern of (2.1) prevai ls.

Result r. (Every po.l)rmorphic equ_ilib.riurn dessribes !r mono-

tone cl ine)

Consi.der a t lvgranqg sel-egtion qradient as in (2.1). Anv

polymorphic equi l ibr iun I is monotone-. Moreover, the slope

changes have the fo-rm

6., .6r . . . . .60 .  6o 
- ,  

=. . .  =6" ,r z *r ,ar+r_ Lz_r 
e.6)

t  6o t  8o * ,  t  " '  t  6n-,
-2*z '* ! \ r

a pictorial view of a polymorphic cl ine concomitant with

the above result is now drawn:
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l , - t  t  I l "  l2+l N-l

showi!r.9. lhat the ma<iml:m slope occqr.s, il, jh.e_.neutr.a_t r.egi_on..

We stress again that every polvmorpFism is necessari ly mono-

tone and (2.6) holds independently of the variat ions in j-nten-

sity and strength expressed in the 1ocal select ion functions

provided merely the geographical select ion gradient displays

the two range formof (2. I ) .  A formal proof of  th is and the

later results are elaborated j .n Karl in and Richter-Dyn IfSZAU].

Result I I .  (Uniql:eness. of a pol]rmgrphic _gl ine)
If  each local select ion component function of

{ fr  (x) , .  .  .  , f- ,  (x) } corresponds to addit ive f i tness values as
4rt

in (1.9) and suFject to a mild restr ict ion l imit ing tFe maxi-

otg polyJno.rphi c _e.q_ui IiF qi um.

A formal suf f ic ient  condi t ion for  the

is that  the magnitude of  migrat ion rate

t ion coeff ic ients obey the inequal i t ies

val id i ty of  Resul t  f I

re lat ive to the selec-

mum extent of migration exchanqe then there exisLs at most
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ms i  = Lr27.. .7N

for  s.  smal l
l-

In many circumstances the above restriction can be much

relaxed. Thus for an environmental select ion pattern invol-

ving a central local i ty such that the selection expression is

the same but directed in favor of dif ferent al leleomorphs on

opposite sides of the center then the conclusion of Result I I

is vaLid for al l  leve1s of migration f low.

Under the condit ions of Result I I  we secure the fol lowing

classif icat ion pertaining to the dynamic behavior of the

cl ine real izat ion.

(a) I f  a-f ixat ion is a 1ocal ly stable equi l ibr ium state and

the a-al leIe is protected then the a-al1e1e wil l  be f ixed

from any internal ini t ial  state.

(a ' )  I f  the A-al le le is protected and 1 is local ly stable

then fixation of the A-type is established independent of the

init ial  populat ion makeuP.

(b) Where a protected pollmorphism exists then the popu-

lation evolves at a geometric rate to a unique monotone Poly-

morphic Sl ine whose slope variat ion satisf ies (2.6) -

Cases (a) and (a ' )  can occur only for  m large and (b) is

certainly assured for m small .  In a slrrrmetric model (Sec-

t ion 3),  (b)  holds for  a l l  migrat ion rates.

Where the hypotheses of Result II are omitted then a selec-

t ion gracl ient consistent with (2.1) can be constructed with-

out a unique polymorphic equilibria, in fact including at

least 3 polynorphisms. (According to Result I  al l  such poly-

morphisms represent morphotones.) Examples also exist where

both fixation states and at least one further polymorphic

monotone cl ine are simultaneously stable. F(]r general select ion

lr-=i{'
:  l= i l tz

677



S. KARLIN AND N. RICHTER-DYN

functions there can exist cases with any number of polymor-

phisms -  Henceforth unless stated otherwise, we assume Resu1t
f f  in force.

B - CompaFiFon o_f two sele.cti_on gradlenle- tlre Fe.cj>nd having

a ronger_ range where _al lr .ele A is f  avored.

rn this context we seek to determine the relative change in

the morphotone that emerges where the region in which A is

advantageous is extended. The selection patterns to be com-

pared a.re as indicated

Populot ionl  |  l t  lz  N Demes
E .D .E D
f r  f l r  I  l "  fN ossocioted select ion

funcl ions 
e.7)

Populof ion 2 N+t N 
-f l  . t l  . . .61 .n ;1 . .8 i l , r , r

T, T r, T r" ;N i*., ?;

The demes nunbered l r . . . ,N are ident ical  for  the two ver-

s ions and accordingly f . (x)  = i . (*)  ,  i  = 1,2, . . . ,N .  How-

ever, there appear in population 2 new demes connected to

deme N such that A is advantageous also in demes

N+lr . . . , f r  .  In other words,  populat ion 2 involves a longer

segment (region) in favor of the A-type.

Result I f I .  (Enlarged A-favorable region)

Let i  = t i r r . . . , io)  be a pol tmorphic equi l ibr iurn for  the

selection regime of populat ion l .  For poputation 2 either

onlv A-f ixat ion is possible or i f  there exists a pol]zmorphic

cl ine
-  -  ( i r "" ' \ ' \ * t  " '  l f r )

then
X, (  X.  and 6.  < 6- ,  i  = 1,2r. . . ,N. (2.9)

l_ l_ l_ l_
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Thus, the extended cl ine is steeper (exhibit ing more gene

frequency differentiation) over the conunon region of the

population distribution provided its poll'morphic character is

retained. Where i  does not exist then necessari ly A-

fixation is the exclusive stable outcome evolving from the

selection regime of populat ion 2.

With any morphotone, it is obvious that the slope between

localities at ttre neutral region cannot exceed 
,.i, 

where k

is the nuniber of demes composing the neutral zone.

COMPARISON OF CLINES IN CASE OF AN EXTENDED A-FAVOURABLE RANGE

ooo
ox

x

ox

x

o
ox
x

UI'1 1,.'Llll'
'11' o-

Frequencies in cl ine with
? A-fovouroble demes I

Frequenc ies in c l ine with
3 A- fovouroble demes II

+

Etrtr t rEluoclotr

T -l-

C. The_ej5eclsj.f the len_g_tlr_ 9_1 !It-9. nSYF.raI_ zone.

Another comparison of interest concerns the fol lowing set-

up. Consider two versions of environmental- select ion gra-

dients as now depicted.
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Condi l ion( i )  t
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I  t1 l1 +l  12 l2+l  N

D -D D - t r  n -n

(2.g)

I ir i*t 7, i2,t il
Condi l ion( i i )  -n n n n n t r

c
' - l - - /  

- -

Lt= Lt  ,  N*r -  N t  t  = 9.2-9"2> O

where the selection functions are related accordinq to

f , (x)  = i . (*)  ,  i  = I , . . . ,L.r-  r - .  l -  (2.10a)
f*_i t*)  =i6_.tx)  ,  j= 0, . . . ,N-02-1

while

fu(x)= iu{x)  =x,  .Q,r+l  <u(t2,  i r* tau* i r . (2.10b)

Thus the neutral zone is longer under the condition (i i) and

othenrise the selection patterns coincide. The next asser-

tion shows how the equilibrirmr cline is affected by the extent

of the neutral region.

Result IV. Consider the model of (2.9) and suppose the poly-

mgrplri:sm

x = (x" ,  .  .  .  , \ , )  for  condi t ion ( i )  and
IT\

;  = ( i . ,  ,  .  . .  , i : )  for  condi t ion ( i i )
J- I.I

exist .  Then

"->r_rr l -2

and

K.N- j  -N- j  -N- j  -N- j  
(2.L2)

)  = Orl  r . . . ,N-[ t - l  .
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Thus I a more prolonged neutral zone tends to accent more

the selection forces operating on !h

population distribution. this finding is perhaps unintuitive;

its validity applies independent of the detailed nature of

the selection functions operating in the - and + range of

the population. It is worth emphasis that over the neutral

zone the frequency cline is linear bearing a more pronor:nced

flat but cl iscernible slope wittr  increasing length of this

portion. In another work we will highlight several more sen-

sit ive dist inguishing characterist ics of a morphotone corres-

ponding to a two range environment with a long neutral region

vis a vis the form of a cl ine associated with an underlying

selection regime expressing a regular monotone pattern of

heterozygote advantage over the range of the species.

By cornbining the estimates (2.11) and (2.12) we extract the

following bounds on the equilibrium frequencies in the neutral

zone_
l r .  i r .  * i* ,  k=9"r- !"r)  i=[r+1 , . . . ,L2 (2.13)

rhe comparison of  (2.11) and (2.12) can be graphical ly dis-

played

COMPARISON OF CLINES IN CASE OF AN EXTENDED NEUTRAL REGION

l+

t ,
l

I

oBo
-__:_-

Frequencies

The fol lowing precise

xo

x -  Frequencies in c l rne wtth

3 neutrol  demes I

o- Frequenctes in c l ine wi th

4 neutrol  demes I I

o

tr t r -a
oEl

tr t rOEls_-Y-J
+ +

o

stabi l i ty  fact  is  of  interest .
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Result V. consider the same. conditions as in rV above. where

under Condition (i) Lhere exists a polvmorphism, then under

Condit ion ( i i )  ( involving an enlarged neulral region) a qlo_

The above finding asserts that with an r:nderlying monocone
ecotone, (a term used by Endler [ fSZ:] for a two range

selection regime), the possibi l i t ies of a stable pol lzmorphism

are signif icantly increased as the neutral zone is extended

while preserving the same serection pattern in the non-neutrar

locat ions.

D. The influence of the magnitude o.f the $igr-ation race.

consider an ecotone selection pattern where the locari t ies

q,. . . ,8U_ have the a-al le le advantageous, fo *r , . . . ,PN- -1 *2*r-

confer advantage to the A-al lele and the demes of the cenEer

region ?o *, , .  .  -  ,P, (9,.  > 9".+L) bear no selection dif  fer-
" I ' .  o2 z L

ences. suppose there exists a polymorphic equi l ibr ium

x -  (x ' , . . . ,*N) .  We kno$/ on the basis of  Resul t  I  that  n
describes a monotone cline (rnorphotone) endowed with the pro_

pert ies (2.4) and (2.6).  fhe next resul t  concerns the changes
of i f* l  as nr increases (showing i ts dependence on the

migration rate).

Result VI. Suppose the exig-tence. of equilibrium frequencv

cl ines i t . l  and i(* ')  for the migrati .o.n rates m and

m' , respective_ly with m < m' . Then there exists a deme

site k such thac

( i )  
" .I

( i i )  x.(m')
)

,  i  = Lr2t . . .

r  3 = ko*Ir . .

l_

l

,k  -1
o

. ,N

(2 .  L4)

Ip. th_e_ svmgr_etf.is model k
o

(Fee Sect ion 3) .
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The interpretat i-on of (2.I4) is the natural one:

Increased gene f low either causes f ixat ion or attenuates the

frequency differentiation between demes to the extent that in

both port ions of the populat ion distr ibution the attained

gene frequencies appear more f lat.

Unequal  local  migrat ion rates

Consider a two environment selection regime as in (2.1)

with a stepping stone migration flow but allowing unequal

migration exchanges between demes (and also not necessari ly

equal rates in reciprocal direct ions at a local i ty).  Even

with a uniform individual migration propensity but where the

deme sizes are unequal: for example, 1et the relat ive deme

sizes at  f r , . . . ,F* be 
" I , "2r . . . ,cN 

,  respect ively,  
" i  

t  O,

f,  c. = I  ,  then the associated backward migration matrix
a

M = l l . . . l lN 
*  

i= ,or  the case at  hand
I" l " r

Jyl =

/

l
I
I
\

\

\

l l  ' i t  l l  
=

( l -m)cr

Tl

mcr

T2

o

mca
v. l

( l -2m)cz

T2

mc2

T3

\
\\\

\
o

o

mc3

T2

(l-2m)cs

T3
\
\\\

\
mctt-  |

TN

o

mce

Tt

(2.15)

( l -m)c*

v
'N

# (m. .  -  f ract ion
r_l

derne i af ter

of indiv iduals of  deme j

select ion and migrat ion) .
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where yi  = *" i_ l+(f-2m)c.*mci+l  ,  2 (  i  (  N- l

yI  = (  I -m) cr*mc, ,  yN = *.N_1+ (  1-m) c* .

where the migrat ion f low between neighbor ing

also vary,  then the backward migrat ion matr ix

at ta ins the general  form

demes can

l I= l l * - - . l l'  '  r-]

l r ,

lm2
M = 

\ 

o

\

\

ml

r2

m3

o

o

I

m3

\
mN rN

o

mi

r3
\  

t t -

\ \\ \\

mitm' i  +f  i  
= |

i= 112,. . . ,  N

(2 .  L6)

The transformation equations version of (2.2) in this qeneral

cli-nal framework becomes

" i  
= r t f r  (* t )  + * t f  21.x2)

* I  = * i f  
i_t  

(* i_t)  *r i f  
i  

(* i1 +m I  t i * t  (* i+t  )  ,  (2 . i_7)

2( i (N- l

x i  = **  f*_t  (*N_t )  *r* f*  (**)  .

Condi t ions for  the existence of  a protected polymorphism

for th is non-homogeneous stepping stone model (2.16) are

developed in Kar l in and Richter-Dyn Irg76a].  we highl iqht

now the analog of  Resul t  f  for  th is case of  unequal  local

migrat ion rates.

Resl-rlt. YII . Srpp.q.=r 
"

eguililrium. .fg.r lhe gen.er-a1 st.eppjng stone _migrali-on mode

(2.L6) inv.olving a_ two. range se,lecl ign 
-gra.dient of the

chal :acter (  2.  l )  .  Then 
"  

descr ibes a morphotone, i .  e.  ,
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Let 6 
'\ z\

i  
= * i* l -x i  

'  
l -  =

morphotone measur ing local

k-t
def ine . I  = I  ,  dk = 

.n,
l -= I

demes f ., to f, constit
r - )cI

f*r*,  to g, comPrise th

n
to VN the + environmental

*r"r-6,  '  * r"  z l  z '
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rnc

,2,  .  .

ne fr

I

m.
l_

m.
i+ l

eth

neut I

a

N

u

,

re

a,

eq

I

al-

r

e

t

l -s

1,

len

t_
\ IT
\

rteu

e

s r-n

-1

enc

S

r

zon

(2.19)

f the

on and

If

) ) ,

2*L

o

i

T

g,

rt

2.

I

ope

t ia

N

(2

) .

be the sI

di  f  feren

)
L 

| . . . f 
.

gion (  cf .

: drrd deme

v

k

e

.e

(pj  an 8n

' r ' r ' r

^ 'nr- ta p"2-r8n 
2-L'* ;  2uLr8 nr '

port ion then

'm: , rd^ -6-" I  
t*  

L-  9"1* 1" .Q,1+ I

^ 'n r+ la L z*-r  
6 [  2*L'

I

*N- 
ram- t 

6n- 
t  '

The r.e.lations of ( 2 . 
-19 ) 

are_ e_q.uivelen! to

*.6.  .  <
]. l--I l- r

= in the 0 region

It  is  manifest  in the present case, that  the

mum gene frequency di f ferent iat ion,  the posi t ion

(2.19)

(2 .20)

actual  maxi-

where max 8,
l-

as in theis at ta ined, need not occur in the neutral  zone

uniform f low situation.

Unlike the smooth convex-linear concave shape attendant to

a pol1'morphism with homogeneous migration rates with any back-

ground of  select ion intensi t ies consistent wi th (2.1),  for

variable loca1 migration rates i t  is now possible to have

kinks in the cl inal shape as depicted
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but persistentlv a morphotone (the property of increasing

gene frequency) appears.

For the special  case of  (2.15) we 
I  'nave . i /* i  = 

"L*I/"!_I 
.

Then, where relat ive populat ion size decreases from both ends

of the speci_es range toward the central zone, the maximum

gene frequency dif ferentiat ion (nax 8. ) occurs again in the

neutral region. More precisely

It is worth pointing out that all the qualitative com_

parisons of paragraphs B-D apply in the general stepping srone

context with variable local migration rates. Result VI

requires a reformulation which wil l  be set forth elsewhere.

The influenc.e of tlre. _<rrde_r of. mi.gration and selection

pres.sure-s o.n the mo.rphotone

The previous results were derived for the model where the

genet ic forces operat ing in each generat ion had the t iming

( . in the - region
:Ioi  

- r  I  t . t .
I - r*1 

in the o region
i  I  c.oi  

|  
- r - t

L t in the + region
on the basis of  the relat ions of  (2.19) and (2.20) and

observations of the gene frequency clinal patterns, it may be
possible to estimate local migration intensities.

E't
!a
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loca1 selection ----+ migration (at adult stage).
fo l lowed bY 

e.zr)

We discuss brief ly the model where the order is reversed

in (2.21). Accordingly, consider no\^r the order to be

followed by
migration (as gamete") .---} select ion. (2.22)

The analog of (2.2) for the model (2.22) with homogeneous

migration flow follows the transformation equations

|  -  ,  ' -yt  = f t ( (1-m)y1+my2)

Oi = t r (myi-1+(1-2rn)yi+nyi+I)  ,  i  = 2,3, . . . ,N-1 (2.23)

t^ ,
YN = fll (mYrq-1+ (I-m) V*)

where y.  = (y1, . . . ,y*)  and y '  = (Vi , . . . , "*)  denote the

frequency state in two successive qenerations.

The analog of Result I carries over completely:

Resul t  I ' .  Suppose i  = ( i f , . . . , i * )  is  a polymorphic equi l i -

br ium for (2.23) wi th under ly ing select ion regime as in (2.1).

Then necessar i ly  y-  descr ibes a morphotone 1 v iz.  ,

and the slope vector r l i  = y. i r_r-y,  sdt isf ies

A r\r \z1z\  

n.,  <
I  .z 'L,  . ' .0"+l  ' to "o +I  -  " '  '  

"N- lr  r  '2 *2

(2 .24)

(cf  .  (2.6).) (2 .25)

The uniqueness version of Result f f  carr ies over and al l

the comparisons of Results I I I-VI are val id i_n the sett inq of

(2.22\.

What is of interest is to compare the morphotone (2.24)

for the model (2.22) with the morphotone I ernerging in the

formulat ion of  (2.2I1.
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Result VIII. Suppose i and f are morphotones for the

models of  (2.2I)  and (2.22),  respect ively acted on by the same

selection gradient and homogeneous migration f low. (Here

only the order of appl icat ions of the forces are interchanqed-)

Then v.  = f . t* .1 and therefore

L,2, . . . rLL (over the region)

0I*1,  .  .  .  ,  L2 (over the neutral  region)

l_z

(2.261

The deduction of (2.26) is perhaps intuit ive after the fact.

When selection fol lows migration the effects due to selection

are more pronounced in each environmental range. Equivalently,

migration f low acting after select ion wil l  smoothen the

selection impression operating in the t\^ro extremes of the

range.

3. RESULTS FOR SYMMETRIC TWO RANGE SELECTION REGIIvIES

When there is a natural synrnetrical center in the distri-

bution of demes, e.9. r a posit ion at which selection changes

from favoring one type to favoring the other type, it is more

convenient to label the demes in the sesuence

9-* 'P-** L'" ' 'B-r 8o'8, ' ' ' ' 'P* 
*

n
with YO as the deme in the center of

and f  - -  the end demes. The associatedVK

*
The actual deme B^ may or may not be present but posit ion

U

0 is a demarcat ion point .

t_

= x.  i  =
I

vi

v i

i i (over the + region)

(3.r)

n
the region and V_*

select ion funct ions
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ref lect ing the environmental select ion gradient are described

with the same notation

{r_*tx)  t . . . r fo(x) , .  -  - r fK(x) }  -

De f ini t io.n .  A selection pattern is said to be slrmmetrical

( i t  may be more logical  to cal l  i t  asYrnmetr ical  or  odd) wi th

respect to the center deme local i ty ca1led for brevi ty 
'I

tt symmetric tt , i f

f . (x)  = l - f  . ( f -x)  ,  0 (  x (
l -  - l -

One can envision the symmetric

gradient ant i -symmetr ical  as a

f^ .  Throughout this section-0

(wit f r  stepping stone migrat ion

(3.2;

1 ,  i  = OrI12r. . .7K .  (3-3)

model as depict ing a select icn

funct ion of  the distance from

i .

A symmetrical two range ecotone has

uniform gene f low

that m. _ m for al l
l-

the fol lowing structure

we assume

mode) so

Demes -K
H

- f  - l  o I  I K
H
#

+

( 3.4;

where in the + ( - )  demes the A (a) -alIele is advanta-

geous whi le the 0 demes ( those numbered i  = 0,11' . . . , !L)

are neutral in select ion expression.

The pattern of  (3.4) coupled with (3.3) ref lects a picture

where the ecological select ion expression in one direct ion

varies in intensity, not necessari ly in any regular way but

persists in favor of the A-alIeIe, and in a symmetrical fashion

involving the same intensit ies the a-a11ele is favored for

the local i t ies in the opposite direct ion from the center

posi t ion.

Manv of  the resul ts reported in th is sect ion are val id

qeoqraphical- l inear populat ion s_tructures approximate])L
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symmetrjc.

Result IX. For a. slrmm.et_rical monotone selection gradient,

there always exist-s a pollrmo_rphic state x* =

t***(x 
- , . . . ,x l  

| . . . ,x i )  wi th t f te p.r-opert ies
-r\  v I \

*-*-*1
x.  = 1-xi i  and xO = 

,
(3.5)

We cal l  such an equil ibr ium a symmetric pol lrmorphism.

For the case where each local  select ion funct ion ref lects

coeff ic ients)  then, for  each migrat ion rate,  X* is the

uniq_u.e qlo.batl.y s-table pollTnoIp]ric _equ: liF.rium.

A. The ,changes in the frequ.e-nc_y cl-ine when ext-ending the

ecotones.

We wi l l  make some comparisons simi lar  to the Resul ts I f I

and IV with the proviso here of preserving the slnnmetry of

the select ion ecotone. consider the s i tuat ion of  (  3.4)

(referred to as Condi t ion ( i ) )  v is a v is the enlarged geo-

graphical slrrnmetric ecotone involving 2L+L >

-L-KOKL
Condit ion( i i ) .  1>K (3.5)

st ipulat ing that the c l ines (  3 .4)  and (  3 .6)  coincide

posit ions from -K to K .

Thus we have in ( 3.6) extra A-advantageous demes

right end of the geographical region and by symmetry

a-advantageous demes present for  the lef t  region.

Let

in the

at the

extra

,(*  = (x*r . ,
- I \

and

***
r  X- l  t  xO ,XL,
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l= ( i_r , , . . . , i_K,. . . , i0, . . . , { , . . . , i " )  (3.8)

I be the slzmmetric equilibrium frequency clines present in

condi t ions ( i )  and ( i i ) ,  respect ively.  The analogue of

Result I I I  is stated below in Result X. Notice that unl ike

the setup in I I I  where the condit ions ( i)  and ( i i )  di f fered

only in the addition of new advantageous A-type positions,

the condition of (ii) now involves simultaneously in a slnnme-

tr ical sett ing new local i t ies favorable for the A and a-

aI le les.

Result X. Fo.r tF_e popg].alioll S_o*di_ti.o,ls (i) and (iiy , we

h.ave

;,>
I  l -  

Lt4 7" ' ; I \  t  *0 = *O:,

apd

max 6,  = 5^ = i . ,  +t* l  i= 6;  = max d:
i>orurzr20i>or-

(3.9)

(3.10)

(6,  = x.* ,  -  x,  )

Moreover,  
' .  t  61 ,  i  = ! r2, . . . ,K

1t-

Thus, where the advantageous A and a regions are exten-

ded preserving the synunetric ecotone structure, the maximal

frequency differentiation occurring at the center deme is

sharpened. In rore picturesque language the whole cline

lilts more steeply about the null position as the cline is

lengthened synunetrically.
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A graphical  d isplay of  the above statements is now

given.

KL

Slope ot  cenler increoses i f  new demes ore odded ( in o symmetr icol  monner)

to bolh ronges .

The conclusion of ( 3.9) is c.orr.ec.t for any mag.nitude gf

migration f low.

B. Very long species range.

Consider a doubly inf ini te monotone symmetric cl ine e

with deme location (for notat ional convenience) at al l  the

integers (posit ive and negative). The sett ing is that of an

inf inite or far-reaching horizon ( in both direct ions) for the

distr ibution of the populat ion. Let CK be the truncated

environment involving the 2K+1 localities embracing the

population d.emes q , -K( i (K.  Wedenoteby

^ (K) ^ (K)
t*O ,  .  .  .  r*K

^(K) ,^(K)
x:(*_Kl (  3 .  11)

(  nece s sar i  Iythe unique s)nnmetric pol)rrnorphic frequency cline

monotone) for a populat ion confined to C* .

Resul! J{_I . Over a yery long Fpecies ran-gg, y,ue .have
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l im
K+o

I
2

^ (K)
x.

l-

^ (-)
"o

^ (-)
= x.

I
i  = 0rt1, (3.12)

-+1

anct
( - )  .  ( - )

x, '  = I-x' . '  is an equil ibr ium cl ine for the extended
l_-

populat ion.

rn practice, already for K > 5 , i .(*) is quite irose to

its l imit at local i t ies i=l and 2 . What is, perhaps,

surprisi-ng is that the frequency gradient at 0 does not

become vert ical.  Thus, the slope is not as steep as might

be anticipated due to the prolonged opposite selection

pressures operating on the two sides of the nul l  posit ion.

C. The shape of the frequencv _cline as a function of

migration rate.

Consider an ecotone as in (3.4) having the symmetric poly-

morphic equilibrium frequency array

i t * l  = t i_*trn), . . . , i_t t rn l  ,  ! ,  *r{m), . . . , { tm)) (3.13)

where we display its dependence on the migration rate m .

Resul t  XI I .  As m increases ( larger migrat ion rate) (m),

i  >2 t  decreases. More speci f ical ly for  m <

1". , \
;<zl- I

(  3.  14)

This finding confirms the intuitive property that with any

background slznunetric ncnotone selection gradient, increased

gene f low levels the local select ion effects yielding a rnore

constant less dif ferentiated gene frequency pattern. End1er

[fSZg] claims on the basis of computer calculat ions performed

on some special regular select ion patterns that the inf luence

of the magnitude of migration rate is only slight. Our analy-

x.
t
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sis shows that there is a definitive trend independent. of the

individual selection components such that increasing

migration rates cause more equalized gene frequencies provided

only the monotone character of the ecotone is maintained.

Further analysis suggests that the swamping effect of in-

creased gene flow is more pronounced in the presence of a

population distribution involving a few demes than in the

circumstances of many nr:mbers of demes.

We alter the model (3.4) where in place of the central

neutral zone we assume the local select ion functions f.  (x) ,

-0 < i < l, , express heterozygote advantage symmetric in the

A and a genes. This situation is certainly of common

occurrence where the interface between the areas favoring the

A and a-alleles provides a region of coadaptability of both

genes in that the heterozygote has superior f i tness.

We will refer to the environmental selection gradient now

depicted.

D.

.K

tl
- l -  r  - l
NE

I  l+ l

nn
K

tl
o
tl

Deme (3.15)

+

have selection fr:nct ions

as the mixed heterotic

The case of  hybr id (heterot ic)  central  demes.

(+,-)

where the demes with symbol (+ -)

expressing heterozygote advantage 7

ecotone. (The opposite model where heterozygote disadvantage

is manifested in the center region wil l  be discussed in the

fol lowing paragraph.)

In Karl in and Richter-Dyn [fSZAc] we wil l  treat models with

local select ion functions manifest ing some regular patterns

of heterozygote advantage at each deme. We will compare and
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contrast the resulting slmmetric equilibrium frequency cline

in these cases with the part ial ly heterotic hybrid model

associated to the ecotone (3.15).

Our principal finding on the mixed heterotic nonotone

cl ine is as fol lows

Result XIII .  Consider a selection regime of a mixed hete-

rotic ecotone. There exists a slnnrnetric polvmorphic monotone

cl ine

I  = ( i -*r i - r*r  
' . .  

.  r i - t r io r i t  , .  .  .  r i * ) (3.16)

Every symmetric- polymorphic cline has the following properties

' l -

i= "o '*1 '*2t  "  '  < xK 
'  

*- i  = l -x '  ,  i= l , " ' ,K (3 ' r7)

and O. =; .  - ; .  sat isf ies
r  +Tr

O<

and, of  course , 6.= 6
- i  i

-K- l (  3.  18)

(3.19)

If I* is the r:nique synnnetric polymorphisrn for the cline

(3.4) then

In v iew of  (3.18),  the steepest s lope in the c l ine of

(3.16) does not occur at the nul l  posit ion (the central deme)

but at the boundary demes l, and -9, where the local selec-

tion expression changes pronouncedly from that of overdomi-

nance to that of direct ional select ion. The picture is as

fol lows.
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-  l - t  - l I  l+ l

The relat ion (3.19) shows that with a central overdominant

region the gene frequency array tends to be more flat at the

center than with a dividing neutral zone.

As m * 0 the equil ibr ium i(* l  converges to i tOl with

coordin ate s

Deme # -K -L-L,

,0 ,

.Q,+1 K

X = (0r. ,  1 , . . . r1)

-9" g"

Ir l
,  , ,  , "" ,

where the trarrsit ion

and -.4,-1 and from

to g+1.

I
to 

,  
occurs between demes

at the location of demes 9"

from 0

i  ro I
-9"

E ,  The case o f  t :nderdominant central  demes .

The model now dif fers from (3.15) in that the local selec-

t ion functions for the central demes ref lect heterozygote

disadvantage (underdominance) symmetric in the two al leles.

We call this model an ecotone with r:nderdominant central zone.

Here in the interface zone both homozygotes carry superior

f i tness to the heterozygote. The hybrid is less adapted to

the central environmental habitats. The equil ibr ium frequency
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cl ine now takes the fol lowing shape

Result  XIV. Thg{e_ exirsts a s}rmme-tric pglvmgrphi_c morpholone

x = (x , , t .  .  .  , ;  . ,  , l^  r1 '  , .  .  .  r i r r )
-K - I  U I  . tS.

- t,  *o=T

l-

(  3.20)

;>
t l -

which sat isf ies

6.
l_

(661 > '  = x ' -x '  ' )I  ] .  I - I

The existence of the underdominant demes in the center

tends to sharpen the gene frequency dif ferentiat ion manifested

at the center deme over that of a plain neutral zone. I t

should be cautioned that in this r:nderdominant model for

st ight migration rate there occur non-monotone stable poly-

morphisms (see Karl in and Mccregor l tglzf).  However, for

nrcderate migration f low rn ) .05 these non-monotone cl ines

apparently do not persist provided the selection coeff icients

are of moderate magnitude.

Symmetr ic environmentol  selecl ion grodient wi th di f ferent centrol  zone

Cose I  :  Centrol  zone is neutrol .

Cose 2 :  Centrol  zone hos heterozygote disodvontoge of  demes (  P_t,-  -  - ,Pt  )

Both homozygotes hove super ior  f i tness lo heterozygote.

Cose3 .  Centrol  zone hos heterozygote odvontoge, symmelr ic f  i tnesses wlth

respect lo ol le les A ond o of  demes (P-, , - -  - ,Pr )  .

Equi l ibr ium f  requency cl lnes

cose l-/=7' ' . :  In cosel :Consfont slope in centrol region
I  

- / -"  
o '  A 

^r^^^^^^.1 
alaaa al  saatf  a-4"' cose 2'. A steepened slope of center

cose 3.  Steepest s lope of  boundor les
seporot ing cenlrol  zone ond
ronges.

- rot-K
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Comparis_onB -of 
morplrotones for in.cre-ased population sub-

div is ion wi th a prescr ibed ag.greg_ate level_of selecl ion.

We concentrate on the synunetric model of thi-s section wj-th

local addit ive al lel ic f i tness effects. For definiteness and

ease of exposition we consider the two environmental selectj-on

gradient as in (3.4) with a sj-ngle neutral deme at the center.

Let S be the cumul-tat ive selection coeff icient in the r ight

port ion of the species range corresponding to the demes of

posit ive index (see 1.12a) and suppose S is divided equally

among the K demes so that the AA-genotype selection coeffi-

cient per deme is S/K In the negative range s]nnmetry

entai ls that the aa-genotype selection coeff icient per deme

is -s/K Let 
" i* l  

denote the equil ibr ium frequency value

in deme 1

It can be proved that the maximum slope of the cline

A*___*Io(r)  =* i . t  -Z (3.21)

decreases as K increases. Thus, when preserving the

total select ion effects, the result i-ng morphotone is less

steep with increasing populat ion subdivision.

G. The nature of the morphotone with three comparable

environments.

We displayed in ( f .U) three environments I ,  I I ,  I I I ,  each

more heterogeneous than the preceding in the sense of Defi-

nit ion 2 of Karl in [ lgZel having the same aggregate selection

intensity in the r ight and left  populat ion ranges.

We assume the environmental select ion gradients of f- I I I

are each symmetric with respect to the center deme.

Result XV. Let 6I ,  6If  and 6r- be the maximum slopes of

the morphotones for the slzmmetric se_Iection regimes I,  f I  and
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K
II I  respect ively (given in (1.1-1) )  .  AIso let  t "Tl  rz ,

TT 
K 

t t t  
K 

l -  - r \

.  r r ,  _ (  r I
tx. -  1 . r ,  and tx. ,  

-*  
)  r ,  be the unique stable svmmetr ic c l ine

r -r\ l- -r\

associa-ted with the respect ive gradients.  Then for al l
I

migrat ion rates,  0 (  m S ;  ,

POPULATION GENETICS AND ECOLOGY

Moreover,  there exists a deme posi t ion k ,  1 S k (  K

such that

I  I I
x.  <

r l -

I  I I
x.  >

l - r

I t  appears that

(3 .zz1

(3.23)

(3 .24)6<"I I  " I IT .

The foregoing resul t  is ,  perhaps, not surpr is ing.  I t

states that  wi th the intensi ty of  select ion di f ferenc€s,

strongest in the neighborhood of the central deme , a more

pronounced gene frequency change is establ ished there.

4. SUMMARY AND DISCUSSION

A nufiiber of problems r^rere formulated in Section 1 with

objective to help expl icate and discriminate the abundantly

observed cl inaI patterns of gene frequency variat ion. A

hierarchy of mathematical cline models incorporating some

forms of select ion migration interaction have been studied by

analytj-c means or with the aid of computer runs by Haldane

[rgae],  Fisher [ rsso],  Hansen [rsoo],  s latk in [ : -gzs] ,  Endler

[fgZ:] and others. Fol lowing these authors \^re concentrate in

this work on a two-range geographical selection gradient

where aIlele A is favored in the right range of the popu-

lat ion and the alternative al lele a is favored in the left
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range. This kind of select ion background, referred to as an

ecotone, is prominently present in a variety of biogeographic

situations. The gene f low pattern is st ipulated to be that

of the stepping stone mj-grat ion mode. (Ehrl ich and Raven

IfgeS] cite many examples of animal and plant populat ions

where gene f low is considerably local ized.)

The detai led model is set forth in Section l .  We have

reported in Sections 2 and 3 a series of results character-

izing and contrasting the gene frequency arrays that are

establ j-shed with dif ferent forms of underlying ecotones. we

presently summarize several of the sal ient f indings and note

brief ly some of their i rnpl icat ions with reference part icularly

to the questions of Section 1 :

( i )  For an ecotone select ion gradient,  i t  is  establ ished

that any polynorphic equilibrium describes a morphotone

(monotone cl ine) that is, the A-al lele frequency increases

along the populat ion transect going from left  to r ight. The

fact that every equi l ibr ium is a morphotone is exceptional ly

robust prevai l ing wi th:

(a) unequal local rates of exchange between neighboring demes,

(b) in the presence of variable deme sizes, and

(c) al lowing irregulari t ies in the local select ion intensity

provided only the ecotone property is maintained. (See

Resul ts I ,  I ' ,  VI I  of  Sect ion 2.)

With this outcome, in order to correlate the selection

gradient to the associated frequency array, i t  is essential

to plot and examine in detai l  the changes in gene frequency

(the slope functi-on). By these means i t  may be possible to

evaluate (and sometimes estimate) the inf luence of unequal

local migration rates (see especial ly Result VII of Section

zt -
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(ii) Where gene flow is homogeneous over the linear popu-

lat ion range, the result ing A frequency morphotone has a pre-

cise monotone shape exhibit ing exactly one inf lect ion point.

The graph is therefore of the form (from left  to r ight) f i rst

convex increasing over the region where af lel-e a is advan-

tageousr l inear on the neutral range and concave increasing

over the region where A is favored. These descript ions

apply independently of the detai led nature of the local

selection functions.

A very kinky morphotone cannot be attributable to an

inherent uniform migration f low even in the presence of sub-

stantial spatial variat ion in selection intensit ies.

Observed frequency cl ines, not of this precise convex-

l inear - concave shape, would entai l  that either the model

is not relevant because the underlying selection gradient is

not an ecotone or the migration flow is not homogeneous or

the local deme sizes f luctuate substantial ly.

( i i i )  The question is frequently asked: Does a marked

locaI change in gene frequency correspond to a sharp loca1

change in selection intensity? Under the condit ions of ( i i ) ,

the maximum gene frequency differentiation (the maxj-murn slope

of the cl ine) in the presence of uniform 1ocal gene f low is

attained at the neutral zone. I f  the neutral zone is exten-

sive, then the change in gene freguency nay sti11 be signi-

f icant without j-nvolving nearby any selection dif ferences

among the genotypes.

Extending the range on which a1Ie1e A is advantagleous,

balanced on the other extreme by more demes advantageous to

al lele a , steepens the slope of the cl ine throughout the

rangie (nesul  ts X ,  XI  )  .

(  iv)  A more prolonged neutral  zone tends to

select ion forces operat ing on the outer reEions

accent the
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lation distr ibution but f lattens the slope over the popuration

range (see Resul t  IV).

The f indings of ( i i i )  and ( iv) provide a possible expla-

nation for the phenomenon of "area effects' ,  (Goodhardt [ fSeS];

clarke Irgoo]t .
(v) I f  the zone separating the regions favoring the A

and a al leles has a selection expression of heterozygoEe

advantage rather than being neutral,  the corresponding cl ine

is more flat in the center but steeper at the boundary bet-

ween demes expressing direct ional select ion as against over-

dominance. (See Resul t  XI I I  on mixed heterot ic ecotones.)

on the other hand, underdominance in the central zone sharpens

the cl ine slope at the center (Result XfV).

An implication attendant to ( i i i )-(v) is that a marked gene

frequency change can be related to the following factors:

(a) an ecotone with underdominant select ion expression at

the deme and neighboring demes at hand;

(b) a long ecotone with the deme in question at the interface

between the regions favoring A and a al lefes res_

pectively.

(c) sharp dif ferences in migration f l-ow in reciprocar direc-

t ions.

on the other hand, local irregurari t ies in selection intensity

within the confines of an ecotone is not a decisive factor in

locating sharp morph dif ferentiat ion.

(vi) The inf luence of increased migration f low is unambi-

guous and substantial.  rndeed Resurt Vr aff irms that with

two dif ferent rates of rocal migration exchange the spatial

gene frequency pattern is arways more homogeneous with larger

migration or some state of f ixat ion occurs. The dif ferent

possibi l i t ies between very smal1 as against moderate to uni-

form mixing rnigrat ion rates is pronounced. rn fact, for very
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smal1 migration f low a cl ine is establ ished manifest ing gene-

ra1ly a steep slope between the two ranges of the population

independent of the detai led character of the ecotone, For

moderate up to uniform mixing inter deme exchange rates, the

evolutionary outcome of the population becomes sensitive to

the aggregate selection coeff icients on the two extended

environmental ranges of the A-favorable as against the a-

favorable port ions. However, for the special circumstance

where the selection pattern is completely syrmnetric with res-

pect to a center posit ion, then an increased migration rate

can never lead to f ixat ion. Endler [ fSZ:] in his computer

analysis of cl ines unfortunately restrS-cted attention pri-

mari ly to specif ic symmetric models and on this basis hastened

to conclude that the rate of migration was of minor signi-

f icance. Even in this case the cl j-ne systematical ly f lattens

with increasing migration levels.

(vi i)  When migration occurs at the infant stage (as in

pol len and seed dispersal) vis a vis the adult stage, the

effects due to selection are more pronounced in each environ-

mental  range (Resul t  VI I I ) .

(vi i i )  Spreading an aggregate selection effect over more

demes (or equivalently increased populat ion subdivision) tends

to bring about a f lattened morphotone, that is, yielding more

spatial homogeneity in gene frequency.

( ix) We have contrasted three dif ferent environmental

ecotones with prescribed aggregate selection coeff icients for

each range (see paragraph G of Section 3), the steepest slope

apparently occurs for environment I f I  where the intensity of

selection decreases with distance from the center, that is,

where the change in selection between the - and + region

is the most abrupt.

A1I the above results wi l l  be elaborated and extended in
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Karl in and Richter-Dyn lL9l6A,c,d1 to a background selection

gradient involving more than two environments. We will also

contrast the nature of the morphotones with an underlying

regular select ion gradient of heterozygote advantage.

The propert ies and characterizations described above and

elaborated more precisely in the body of Sections 2 and 3

afford some means both qual i tat ively and quanti tat ively of

discriminating better among cl ine structure relat ing to

spatial patterns of select ion and gene f low and help also to

understand rnore thoroughly the effects of environmental para-

meters.
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